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✶✸✳❍❡❧✐❝ó♣t❡r♦ ◗❯❆◆❙❊❘ ❞❡ ✷ ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✳ ✸✶
✶✹✳P❧❛♥t❛ ❝♦♥str✉✐❞❛ ♣♦r ❆r❡❧② ❘✉✐③✳ ✸✸
✶✺✳❈✐r❝✉✐t♦ ❞❡ ▼♦❧✐❡♥❞❛✲❈❧❛s✐✜❝❛❝✐ó♥✳ ✸✹

✶✻✳❈♦♠♣♦♥❡♥t❡s ♠♦t♦r ❊❙❈✳ ✸✽
✶✼✳❉✐❛❣r❛♠❛ ❞❡ ❝♦♥❡①✐ó♥ ❡♥ ❙✐♠✉❧✐♥❦✳ ✸✾
✶✽✳▼ó❞✉❧♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❡❧❡❝tró♥✐❝♦s✳ ✹✵
✶✾✳❊sq✉❡♠❛ ❞❡ ❝♦♥❡①✐♦♥❡s✳ ✹✵
✷✵✳❊s❢✉❡r③♦s ❡♥ ❧❛ ✈✐❣❛✳ ✹✶
✷✶✳❊s❢✉❡r③♦s ② ♠♦♠❡♥t♦s ❡♥ ❧❛ ✈✐❣❛✳ ✹✷
✷✷✳❊s❢✉❡r③♦s s♦❜r❡ ❧❛ ✈✐❣❛✳ ✹✹
✷✸✳❈❡♥tr♦ ❞❡ ♠❡❝❛♥✐③❛❞♦ ❈◆❈✳ ✺✷
✷✹✳❘♦❞❛♠✐❡♥t♦ ❛❝♦♣❧❛❞♦✳ ✺✸
✷✺✳❆❝♦♣❧❛♠✐❡♥t♦ s✉♣❡r✐♦r✳ ✺✸
✷✻✳▼♦❞✉❧♦ ❞❡ ❈♦♥tr♦❧ ❍❉●▲✳ ✺✹
✷✼✳Pr✉❡❜❛ ❞❡ ❡♠♣✉❥❡✳ ✺✺
✷✽✳❙❡♥s♦r❡s✳ ✺✺
✷✾✳❊♠♣✉❥❡ ❱❡rt✐❝❛❧✳ ✺✻
✸✵✳❋✉❡r③❛ ❚r❛♥s✈❡rs❛❧✳ ✺✼
✸✶✳❊♠♣✉❥❡ ❱❡rt✐❝❛❧ ▲✐♥❡❛❧✐③❛❝✐ó♥✳ ✺✾
✸✷✳❋✉❡r③❛ ❚r❛♥s✈❡rs❛❧ ▲✐♥❡❛❧✐③❛❝✐ó♥✳ ✻✵
✸✸✳❊♠♣✉❥❡ ❤♦r✐③♦♥t❛❧✳ ✻✶
✸✹✳❊♠♣✉❥❡ ❱❡rt✐✈❛❧ ▲✐♥❡❛❧✐③❛❝✐ó♥✳ ✻✷
✸✺✳❋✉❡r③❛s q✉❡ ❛❝tú❛♥ ❡♥ ❡❧ s✐st❡♠❛✳ ✻✸
✸✻✳❈♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧✐③❛❞❛s ❡♥ m1✳ ✻✹
✸✼✳❈♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧✐③❛❞❛s ❡♥ m2✳ ✻✻
✸✽✳❉✐❛❣r❛♠❛ ❞❡ ❜❧♦q✉❡s ❧❛③♦ ❝❡rr❛❞♦✳ ✼✸
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✸✾✳❖s❝✐❧❛❝✐♦♥❡s ❙♦st❡♥✐❞❛s ❞❡ Gθ1s✳ ✼✹
✹✵✳❘❡s♣✉❡st❛ ❛ ✉♥ ❡s❝❛❧ó♥✳ ✼✺
✹✶✳❖s❝✐❧❛❝✐♦♥❡s ❙♦st❡♥✐❞❛s ❞❡ Gθ2s✳ ✼✻
✹✷✳❘❡s♣✉❡st❛ ❛ ✉♥ ❡s❝❛❧ó♥✳ ✼✼
✹✸✳❈♦♥tr♦❧❛❞♦r ❙■❙❖ ❡♥ ❙✐♠✉❧✐♥❦✳ ✼✽
✹✹✳❘❡s♣✉❡st❛ ❞❡❧ á♥❣✉❧♦ P✐t❝❤✳ ✼✽
✹✺✳❘❡s♣✉❡st❛ ❞❡❧ á♥❣✉❧♦ ❨❛✇✳ ✼✾
✹✻✳❊str✉❝t✉r❛ ❞❡ ▼■▼❖ ❞❡s❛❝♦♣❧❛❞♦✳ ✼✾
✹✼✳❈♦♥tr♦❧❛❞♦r ▼■▼❖ ♣♦r ❞❡s❛❝♦♣❧❡ ❡♥ ❙✐♠✉❧✐♥❦✳ ✽✶
✹✽✳❘❡s♣✉❡st❛ ❞❡ P✐t❝❤ ❛ ❧❛ r❡❢❡r❡♥❝✐❛✳ ✽✷
✹✾✳❘❡s♣✉❡st❛ ❞❡ ❨❛✇ ❛ ❧❛ r❡❢❡r❡♥❝✐❛✳ ✽✷
✺✵✳❈♦♥tr♦❧❛❞♦r ▼■▼❖ ❡♥ ❙✐♠✉❧✐♥❦✳ ✽✸
✺✶✳❊str✉❝t✉r❛ ✐♥t❡r♥❛ ❝♦♥tr♦❧❛❞♦r ▼■▼❖ ❡♥ ❙✐♠✉❧✐♥❦✳ ✽✸
✺✷✳❘❡s♣✉❡st❛ ❞❡❧ á♥❣✉❧♦ P✐t❝❤✳ ✽✹
✺✸✳❘❡s♣✉❡st❛ ❞❡❧ á♥❣✉❧♦ ❨❛✇✳ ✽✹
✺✹✳❊str✉❝t✉r❛ ❞❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧✳ ✽✺
✺✺✳❊str✉❝t✉r❛ ❞❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱ ❝♦♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦✳ ✽✼
✺✻✳❊str✉❝t✉r❛ ❞❡ ❜❧♦q✉❡s r❡❢❡r❡♥❝✐❛ P✐t❝❤✳ ✾✸
✺✼✳❘❡s♣✉❡st❛ ❛❧ ❈♦♥tr♦❧❛❞♦r P■❱ r❡❢❡r❡♥❝✐❛ P✐t❝❤✳ ✾✸
✺✽✳❊str✉❝t✉r❛ ❞❡ ❜❧♦q✉❡s r❡❢❡r❡♥❝✐❛ ❨❛✇✳ ✾✹
✺✾✳❘❡s♣✉❡st❛ ❛❧ ❈♦♥tr♦❧❛❞♦r P■❱ r❡❢❡r❡♥❝✐❛ ❨❛✇✳ ✾✹
✻✵✳❊str✉❝t✉r❛ ❞❡ ❜❧♦q✉❡s r❡❢❡r❡♥❝✐❛ P✐t❝❤ ② ❨❛✇✳ ✾✺
✻✶✳❘❡s♣✉❡st❛ ❛❧ ❈♦♥tr♦❧❛❞♦r P■❱ r❡❢❡r❡♥❝✐❛ P✐t❝❤ ② ❨❛✇✳ ✾✺
✻✷✳❈♦♥tr♦❧ P■ ❱❡❝t♦r✐❛❧ ❡♥ ❙✐♠✉❧✐♥❦✳ ✾✻
✻✸✳❘❡s♣✉❡st❛ ❞❡❧ ❛♥❣✉❧♦ P✐t❝❤ ❛❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ ✉♥❛ r❡❢❡r❡♥❝✐❛✳ ✾✻
✻✹✳❘❡s♣✉❡st❛ ❞❡❧ ❛♥❣✉❧♦ ❨❛✇ ❛❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ ✉♥❛ r❡❢❡r❡♥❝✐❛✳ ✾✼

✻✺✳❘❡s♣✉❡st❛ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s á♥❣✉❧♦ P✐t❝❤✳ ✾✾
✻✻✳❘❡s♣✉❡st❛ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s á♥❣✉❧♦ ❨❛✇✳ ✾✾



◆❖▼❊◆❈▲❆❚❯❘❆

m1,2 ▼❛s❛s ❞❡ ❧♦s ❡①tr❡♠♦s ❞❡ ❧❛ ✈✐❣❛✳
RB ❋✉❡r③❛ ❞❡ s♦♣♦rt❡✳
M ▼♦♠❡♥t♦ ❡♥ ❧❛ ✈✐❣❛✳
Sy ❘❡s✐st❡♥❝✐❛ ❛ ❧❛ ✢✉❡♥❝✐❛✳
Dex ❉✐á♠❡tr♦ ♠í♥✐♠♦ ❞❡❧ ❡①tr❡♠♦✳
V ❋✉❡r③❛ ❛♣❧✐❝❛❞❛✳
n ❋❛❝t♦r ❞❡ s❡❣✉r✐❞❛❞✳
T ❚♦rq✉❡
Dcentro ❉✐á♠❡tr♦ ❞❡❧ ❝❡♥tr♦ ❞❡ ❧❛ ✈✐❣❛
A ➪r❡❛ ❞❡ ❧❛ ✈✐❣❛✳
D ❉✐❛♠❡tr♦ ❞❡ ❧❛ ✈✐❣❛✳
σ ▼♦♠❡♥t♦ ✢❡❝t♦r✳
c ❘❛❞✐♦ ❞❡ ❞❡ ✈✐❣❛✳
δ ❈♦rt❛♥t❡✳
σ1,3 ▼♦♠❡♥t♦ ✢❡❝t♦r ♠á①✐♠♦✱ ♠í♥✐♠♦✳
L1 ◆◦ ❞❡ ❝✐❝❧♦s ❞❡ ♣r✉❡❜❛✳
L2 ❈✐❝❧♦s ✉t✐❧❡s✳
P1 ❈❛r❣❛ ♥♦♠✐♥❛❧✳
P2 ❈❛r❣❛ ❞❡ ❞✐s❡ñ♦✳
k ❚✐♣♦ ❞❡ r♦❞❛♠✐❡♥t♦✳
w ❱❡❧♦❝✐❞❛❞ ❞❡❧ r♦❞❛♠✐❡♥t♦✳
t ❱✐❞❛ út✐❧ ❞❡❧ r♦❞❛♠✐❡♥t♦✳
Ic ■♥❡r❝✐❛ ❞❡❧ ❝❡♥tr♦✐❞❡✳
IA ■♥❡r❝✐❛ ❞❡❧ ❡①tr❡♠♦ ❆✳
IB ■♥❡r❝✐❛ ❞❡❧ ❡①tr❡♠♦ ❇✳
IT ■♥❡r❝✐❛ t♦t❛❧✳
mv ▼❛s❛ ❞❡ ❧❛ ✈✐❣❛✳
d1,2 ❉✐st❛♥❝✐❛s ❞❡s❞❡ ❡❧ ❝❡♥tr♦ ❛ ❧♦s ❡①tr❡♠♦s✳
F1,6 ❋✉❡r③❛ ❛❝t✉❛♥t❡s ❡♥ ❡❧ s✐st❡♠❛
θ1,2 ➪♥❣✉❧♦ ❞❡ ♣✐t❝❤ ② ②❛✇✳
X1,2 ❉❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ m1,2 ❡♥ ❡❧ ♣❧❛♥♦ ❳✳
Y1,2 ❉❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ m1,2 ❡♥ ❡❧ ♣❧❛♥♦ ❨✳
Z1,2 ❉❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ m1,2 ❡♥ ❡❧ ♣❧❛♥♦ ❩✳
ṙ1,2 ❱❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ♠❛s❛ ✶ ② ✷✳
T1,2 ❊♥❡r❣í❛ ❝✐♥ét✐❝❛ ❞❡ ❧❛ ♠❛s❛ ✶ ② ♠❛s❛ ✷✳
V1,2 ❊♥❡r❣í❛ ♣♦t❡♥❝✐❛❧ ❞❡ ❧❛ ♠❛s❛ ✶ ② ♠❛s❛ ✷✳
VT ❊♥❡r❣í❛ ♣♦t❡♥❝✐❛❧ t♦t❛❧✳
TT ❊♥❡r❣í❛ ❝✐♥ét✐❝❛ t♦t❛❧✳
L ❊❝✉❛❝✐ó♥ ❞❡ ▲❛❣r❛♥❣❡✳
β1,2 ❱✐s❝♦❝✐❞❛❞ ❝✐♥❡♠❛t✐❝❛ ❞❡ P✐t❝❤ ② ❨❛✇✳
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τ1,2 ❚♦rq✉❡ ❞❡ P✐t❝❤ ② ❨❛✇✳
Gθ1,2S ❋✉♥❝✐ó♥ ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ❝♦♥t✐♥✉❛ ✶ ② ✷✳
P (s) P♦❧✐♥♦♠✐♦ ❝❛r❛❝t❡ríst✐❝♦✳
Kp ●❛♥❛♥❝✐❛ ♣r♦♣♦r❝✐♦♥❛❧✳
Ki ●❛♥❛♥❝✐❛ ✐♥t❡❣r❛❧✳
Kd ●❛♥❛♥❝✐❛ ❞❡r✐✈❛❞❛✳
Ti ❚✐❡♠♣♦ ❞❡ ✐♥t❡❣r❛❝✐ó♥✳
Td ❚✐❡♠♣♦ ❞❡ ❞❡r✐✈❛❝✐ó♥✳
Kcr ●❛♥❛♥❝✐❛ ❝rít✐❝❛
Tcr ❚✐❡♠♣♦ ❝rít✐❝♦
K11,12,21,22 ●❛♥❛❝✐❛s ❞❡❧ ❝♦♥tr♦❧❛❞♦r
G11,12,21,22 ❋✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢❡r❡♥❝✐❛
x P❧❛♥t❛ r❡❛❧
ẋ ❉❡r✐✈❛❞❛ ❞❡ ❧❛ ♣❧❛♥t❛ r❡❛❧
x̂ ❊st✐♠❛❞♦r
x̃ ❉❡r✐✈❛❞❛ ❞❡ ❧❛ ❡st✐♠❛❝✐ó♥
ėx ❊rr♦r ❡♥tr❡ ❝♦♥tr♦❧❛❞♦r ② ♦❜s❡r✈❛❞♦r
Q ❖❜s❡r✈❛❜✐❧✐❞❛❞
Co ❈♦♥tr♦❧❛❜✐❧✐❞❛❞



❘❊❙❯▼❊◆

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❧❛ t❡s✐s ❡s ❝♦♥str✉✐r✱ ♠♦❞❡❧❛r ② ❝♦♥tr♦❧❛r ✉♥ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s
❞❡ ❧✐❜❡rt❛❞✱ ❧♦s ❝✉❛❧❡s ❧❡ ♣❡r♠✐t❡♥ ❛❧ s✐st❡♠❛ ♠♦✈❡rs❡ ❡♥ ❧♦s á♥❣✉❧♦s ❞❡ P✐t❝❤ ② ❨❛✇✳
❊s ✉♥ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧✱ ❞❡ ♠ú❧t✐♣❧❡s ✈❛r✐❛❜❧❡s ❡ ✐♥❡st❛❜❧❡❀ r❛③♦♥❡s ♣♦r ❧❛s ❝✉❛❧❡s ❤❛❝❡♥
q✉❡ s❡❛ ✉♥ r❡t♦ ♣❛r❛ s❡r ❝♦♥tr♦❧❛❞♦✳ ❈♦♥ ❡❧ ✜♥ ❞❡ ❝♦♥s❡❣✉✐r ✉♥ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧ ❝♦♥
✉♥ ❛❧t♦ r❡♥❞✐♠✐❡♥t♦ ② r♦❜✉st❡③✱ ❡❧ ❤❡❧✐❝ó♣t❡r♦ s❡ ❝♦♥tr♦❧❛ ❝♦♥ ✈❛r✐❛s ❡str❛t❡❣✐❛s ② s✉s
r❡s✉❧t❛❞♦s s❡ ❝♦♠♣❛r❛♥ ♣❛r❛ ✐❞❡♥t✐✜❝❛r ❧❛ q✉❡ t✐❡♥❡ ♠❡❥♦r r❡♥❞✐♠✐❡♥t♦✳ ▲❛s ❡str❛t❡❣✐❛s
❞❡ ❝♦♥tr♦❧ ✉t✐❧✐③❛❞❛s s♦♥✿ ❡❧ ❝♦♥tr♦❧ ❙✐♥❣❧❡ ■♥♣✉t ❙✐♥❣❧❡ ❖✉t♣✉t ✭✏❙■❙❖✑✮ Pr♦♣♦rt✐♦♥❛❧
■♥t❡❣r❛❧ ❉❡r✐✈❛t✐✈❡ ✭✏P■❉✑✮✱▼✉❧t✐♣❧❡ ✐♥♣✉t ▼✉❧t✐♣❧❡ ♦✉t♣✉t ✭✏▼■▼❖✑✮ P■❉ ❝♦♥ ❞❡s❛❝♦♣❧❡
✏❈r♦ss✲❈♦♥tr♦❧✑ ② ❙t❛t❡ ❙❡r✈♦tr❛❝❦✐♥❣✱ ❝♦♥tr♦❧ ❡♥ ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦ ❝♦♥ ✉♥ ♦❜s❡r✈❛❞♦r
❞❡ ❡st❛❞♦ ▲✉❡♥❜❡r❣❡r ✏P■ ❱❡❝t♦r✐❛❧ ❝♦♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦✑✳

❆❜str❛❝t✖❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❜✉✐❧❞✱ ♠♦❞❡❧ ❛♥❞ ❝♦♥tr♦❧ ❛ ❤❡❧✐❝♦♣t❡r ♦❢
t✇♦ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❚❤♦s❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛❧❧♦✇ t❤❡ ❤❡❧✐❝♦♣t❡r t♦ ❜❡ ♣♦s✐t✐♦♥❡❞ ✐♥
♣✐t❝❤ ❛♥❞ ❨❛✇ ❛♥❣❧❡s✳ ❚❤✐s s②st❡♠ ❤❛s s♣❡❝✐❛❧ ❝❤❛r❛❝t❡r✐st✐❝s t❤❛t ♠❛❞❡ ✐t ❛ ❝❤❛❧❧❡♥❣❡ t♦
❜❡ ❝♦♥tr♦❧❧❡❞❀ ❜❡❝❛✉s❡✱ ✐t ✐s ❛ ♥♦♥✲❧✐♥❡❛r✱ ♠✉❧t✐✲✈❛r✐❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ s②st❡♠✳ ■♥ ♦r❞❡r t♦
❣❡t ❛ ❝♦♥tr♦❧ s②st❡♠ ✇✐t❤ ❛ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ r♦❜✉st♥❡ss✱ t❤❡ ❤❡❧✐❝♦♣t❡r ✐s ❝♦♥tr♦❧❧❡❞
✇✐t❤ s❡✈❡r❛❧ str❛t❡❣✐❡s ❛♥❞ t❤❡✐r r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❡❞ t♦ ✐❞❡♥t✐❢② t❤❡ ❜❡st✳ ❚❤❡ ❝♦♥tr♦❧
str❛t❡❣✐❡s ✉s❡❞ ❛r❡ ❙✐♥❣❧❡ ■♥♣✉t ❙✐♥❣❧❡ ❖✉t♣✉t ✭✏❙■❙❖✑✮ Pr♦♣♦rt✐♦♥❛❧ ■♥t❡❣r❛❧ ❉❡r✐✈❛t✐✈❡
✭✏P■❉✑✮ ❝♦♥tr♦❧✱ ▼✉❧t✐♣❧❡ ■♥♣✉t ▼✉❧t✐♣❧❡ ❖✉t♣✉t ✭✏▼■▼❖✑✮ P■❉ ❝♦♥tr♦❧ ✇✐t❤ ❞❡❝♦✉♣❧✐♥❣
✧❈r♦ss✲❈♦♥tr♦❧✧ ❛♥❞ ❙t❛t❡ ❙❡r✈♦tr❛❝❦✐♥❣ ❝♦♥tr♦❧ ✇✐t❤ ❛ st❛t❡ ♦❜s❡r✈❡r✳

✶✷



■◆❚❘❖❉❯❈❈■Ó◆

❊♥ ❡❧ ♠✉♥❞♦ ❞❡ ❧❛ ✐♥❞✉str✐❛✱ ❝♦♥st❛♥t❡♠❡♥t❡ s❡ ❤❛♥ ✈❡♥✐❞♦ ❞❡s❛rr♦❧❧❛♥❞♦ ♥✉❡✈♦s ♠ét♦✲
❞♦s ② t❡♦rí❛s ❞❡ ❝♦♥tr♦❧✱ q✉❡ ❞❛t❛♥ ❞❡s❞❡ ✐♥✐❝✐♦s ❞❡❧ s✐❣❧♦ ❳❳✱ ❧♦s ❝✉❛❧❡s ❝♦♥tr✐❜✉②❡r♦♥
❢✉❡rt❡♠❡♥t❡ ❡♥ ❡❧ ❛✈❛♥❝❡ t❡❝♥♦❧ó❣✐❝♦ q✉❡ s❡ ❞✐♦ ❡♥ ❧❛ s❡❣✉♥❞❛ ❣✉❡rr❛ ♠✉♥❞✐❛❧✳ ❉❡s❞❡
❡♥t♦♥❝❡s s❡ ❤❛♥ ♠❡❥♦r❛❞♦ ♣r♦❣r❡s✐✈❛♠❡♥t❡ ❧❛s t❡♦rí❛s ❞❡ ❝♦♥tr♦❧ ✐♠♣❧❡♠❡♥t❛❞❛s ❡♥ ❧❛
♥á✉t✐❝❛ ② ❡♥ ❧❛ ❛❡r♦♥á✉t✐❝❛✱ ♣r♦♣♦r❝✐♦♥❛♥❞♦ ❛ ❧♦s ♣r♦❝❡s♦s ✐♥❞✉str✐❛❧❡s ♠❛②♦r ❡✜❝✐❡♥✲
❝✐❛ ② ❧❛ ❡rr❛❞✐❝❛❝✐ó♥ ❞❡ tr❛❜❛❥♦s ❡①❝❡s✐✈❛♠❡♥t❡ ❢♦r③♦s♦s ❝♦♠♦ ❧♦s ❡✈✐❞❡♥❝✐❛❞♦s ❡♥ ❧❛
r❡✈♦❧✉❝✐ó♥ ✐♥❞✉str✐❛❧✳ P♦st❡r✐♦r♠❡♥t❡ ❡❧ ❛✈❛♥❝❡ ❞❡ ❧❛ ❡❧❡❝tró♥✐❝❛ ♣❡r♠✐t✐ó q✉❡ ❡①✐st✐❡r❛✱
♥♦ s♦❧♦ ❡❧ ❝♦♥tr♦❧ ❝❧ás✐❝♦✱ s✐ ♥♦ ❧❛ ✐♥tr♦❞✉❝❝✐ó♥ ❛ ❧❛s ♥✉❡✈❛s t❡♦rí❛s ❞❡❧ ❝♦♥tr♦❧ ❞✐❣✐t❛❧
❛✈❛♥③❛❞♦ ✭▼♦❞❡r♥♦✮✳

❆❝t✉❛❧♠❡♥t❡ ❡❧ ❝♦♥tr♦❧ ❤❛❝❡ ♣❛rt❡ ❞❡ ❧♦s ❢✉♥❞❛♠❡♥t♦s ❞❡ ❧❛ ✐♥❣❡♥✐❡rí❛✱ ❞❛♥❞♦ ❛ ❡s✲
t❛ ✉♥ ❣r❛♥ ♣r✐✈✐❧❡❣✐♦ ❞❛❞♦ q✉❡ ❡st❛s t❡♦rí❛s ♣❡r♠✐t❡♥ ❞❛r s♦❧✉❝✐♦♥❡s ♠ás ❡✜❝✐❡♥t❡s ❛
♣r♦❜❧❡♠❛s✱ ❡♥ ❧♦s q✉❡ ❛♥t❡r✐♦r♠❡♥t❡ s♦❧♦ ♣♦❞í❛♥ ❞❛rs❡ ❝♦♥ ❝♦♠♣❧❡❥♦s ② ❝♦st♦s♦s ♠❡❝❛✲
♥✐s♠♦s✳

❍♦② ❡♥ ❞í❛ t♦❞❛s ❧❛s ✐♥❞✉str✐❛s ❡♥❢♦❝❛❞❛s ❡♥ ❧❛ ❘♦❜ót✐❝❛ ② ❧❛ ❛✉t♦♠❛t✐③❛❝✐ó♥ ❡stá♥
✶✵✵✪ ❧✐❣❛❞❛s ❛❧ ❝♦♥tr♦❧✱ ❧❛ ❛❧t❛ ❝♦♠♣❧❡❥✐❞❛❞ ❞❡ ❧♦s s✐st❡♠❛s ✐♥✈♦❧✉❝r❛❞♦s ❡♥ ❡st❛s ár❡❛s
♥♦ ♣❡r♠✐t❡♥ ❡❧ ✉s♦ ✐♥❞✐✈✐❞✉❛❧ ❞❡ s✐st❡♠❛s ❞❡ ✉♥❛ ❡♥tr❛❞❛ ② ✉♥❛ s❛❧✐❞❛ ✭❙■❙❖✮ ✐♥❞❡✲
♣❡♥❞✐❡♥t❡♠❡♥t❡✱ ②❛ q✉❡ ❧♦s ❡❢❡❝t♦s q✉❡ ❣❡♥❡r❛♥ ✐♥✈♦❧✉❝r❛♥ ❛❧ s✐st❡♠❛ ❡♥ ❣❡♥❡r❛❧✱ ♣♦r
❡st❛ r❛③ó♥ t❡♥❡r ✉♥❛ s✐st❡♠❛ q✉❡ t❡♥❣❛ t♦❞❛s ❧❛s ❡♥tr❛❞❛s ② s❛❧✐❞❛s ✐♥t❡❣r❛❞❛s ② r❡❧❛✲
❝✐♦♥❛❞❛s ❡♥tr❡ sí ✭▼■▼❖✮ ❡s ❝r✉❝✐❛❧ ♣❛r❛ ❡❧ ❝♦rr❡❝t♦ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡ ❧❛ ♣❧❛♥t❛✳ P♦r
❧♦ ❛♥t❡r✐♦r✱ ♣❧❛♥t❡❛r ② ❞✐s❡ñ❛r té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧ t✐♣♦ ▼■▼❖ ❡♥ ♣❧❛♥t❛s ❞❡ ♠ú❧t✐♣❧❡s
✈❛r✐❛❜❧❡s✱ ✐♥❡st❛❜❧❡s ② ♥♦ ❧✐♥❡❛❧❡s s♦♥ ✉♥❛ ❡①❝❡❧❡♥t❡ ♦♣❝✐ó♥ ♣❛r❛ ✈✐s✉❛❧✐③❛r ❧♦s ❡❢❡❝t♦s
q✉❡ ❣❡♥❡r❛♥ ✉♥❛ ✈❛r✐❛❜❧❡ ❝♦♥ r❡s♣❡❝t♦ ❛ ♦tr❛ ② ❛sí ❞❛r ✉♥❛ s♦❧✉❝✐ó♥ ❛ ❡st♦s ♣r♦❜❧❡♠❛s✳

❉❛❞♦ ❛ q✉❡ ❡st❡ tr❛❜❛❥♦ ♠❛♥t✐❡♥❡ ✉♥❛ ♣♦st✉r❛ ❝✐❡♥tí✜❝❛✱ ❧✐❣❛❞❛ ❛ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥
❞❡ t❡♦rí❛s ❞❡ ❝♦♥tr♦❧ ❝❧ás✐❝♦ ② ♠♦❞❡r♥♦✳ s❡ ❜✉s❝❛ ✐♠♣❧❡♠❡♥t❛r ✉♥ ❞✐s❡ñ♦ ♠❡❝❛tró♥✐❝❛✱
❡♥ ❞♦♥❞❡ ❧❛ ♣❛rt❡ ♠❡❝á♥✐❝❛ ② ❡❧❡❝tró♥✐❝❛ ❡s ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❛❧❝❛♥③❛r ❧♦s ♦❜❥❡t✐✈♦s ❞❡
❡st❡ ♣r♦②❡❝t♦✳ ❡st❡ tr❛❜❛❥♦ ♥♦ ❜✉s❝❛ s♦❧♦ ✐♠♣❧❡♠❡♥t❛r ❉✐s❡ñ❛r✱ ❝♦♥str✉✐r ② ❝♦♥tr♦❧❛r s✐
♥♦ t❛♠❜✐é♥ r❡❛❧✐③❛r❛ ✉♥ ❛♥á❧✐s✐s ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛s té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧ ❛♣❧✐❝❛❞❛s
② ❛sí ❞❛r ❛ ❝♦♥♦❝❡r ❝✉❛❧ s❡ ❛❞❛♣t❛ ❛ ❡st❡ t✐♣♦ ❞❡ s✐st❡♠❛ ♠✉❧t✐✈❛r✐❛❜❧❡s❀ ❛ s✉ ✈❡③ ❡❧
❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ s❡ ❛❞❛♣t❛r❛ ❝♦♠♦ ♠ó❞✉❧♦ ❞❡ ❝♦♥tr♦❧✱ ❡♥ ❡❧ q✉❡
❢✉t✉r♦s ✉s✉❛r✐♦s ♣♦❞rá♥ ❤❛❝❡r ✉s♦ ❞❡❧ ♠✐s♠♦ ♣❛r❛ s✉s r❡s♣❡❝t✐✈♦s ❡st✉❞✐♦s ❡♥ ✐♥❣❡♥✐❡rí❛
❞❡ ❝♦♥tr♦❧✱ ❡st❡ ❝♦♥t❛r❛ ❝♦♥ s✉ r❡s♣❡❝t✐✈❛ ♥♦r♠❛ ❞❡ s❡❣✉r✐❞❛❞✱ ❧♦ q✉❡ ✐♠♣❡❞✐r❛ q✉❡ ❡❧
✉s✉❛r✐♦ s❡ ✈❡❛ ❛❢❡❝t❛❞♦ ❢ís✐❝❛♠❡♥t❡ ♣♦r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♥♦ ❧✐♥❡❛❧ ❞❡❧ s✐st❡♠❛✳

❊st❡ tr❛❜❛❥♦ q✉❡❞❛rá ❛♣t♦ ♣❛r❛ r❡❛❧✐③❛r ❢✉t✉r❛s ♣r✉❡❜❛s ❡ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡ té❝♥✐✲
❝❛s ❞❡ ❝♦♥tr♦❧ ♠ás ❛✈❛♥③❛❞❛s ② ó♣t✐♠❛s✳

✶✸



✶✳ ❉❊❙❈❘■P❈■Ó◆ ●❊◆❊❘❆▲
❊❧ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ✭✏❍❉●▲✑✮ ❝♦♥st❛ ❞❡ ✉♥ ❝✉❡r♣♦ ❢♦r♠❛❞♦ ❡♥
❢♦r♠❛ ❞❡ ❚ ♣❛r❛ ❞❛r ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❛❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✉♥ ❤❡❧✐❝ó♣t❡r♦ r❡❛❧ ❝♦♠♦ s❡
✈❡ ❡♥ ❧❛ ✜❣✉r❛ ✶ ② ❝✉❡♥t❛ ❝♦♥ ✉♥❛ ❜❛s❡ ✜❥❛✱ ❡♥ ❞♦♥❞❡ s❡ ❡♥❝✉❡♥tr❛♥ t♦❞♦s ❧♦s ❝♦♠♣♦✲
♥❡♥t❡s ❞❡ ❝♦♥❡①✐ó♥ ❝♦♠♦ ❢✉❡♥t❡ ❞❡ ♣♦❞❡r✱ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s ❡❧❡❝tr♦♥✐❝♦s ❞❡ ✈❡❧♦❝✐❞❛❞
✏❊❙❈✑ ✭❊❧❡❝tr♦♥✐❝ ❙♣❡❡❞ ❈♦♥tr♦❧❧❡rs✮✱ ❝✐r❝✉✐t♦ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦ ❡♥tr❡ ❧♦s ♠♦t♦r❡s✱ s❡♥✲
s♦r❡s ✭♣♦t❡♥❝✐ó♠❡tr♦s ❧✐♥❡❛❧❡s✮ ② ❧❛ ❝♦♥❡①✐ó♥ ❛ ❧❛ t❛r❥❡t❛ ❞❡ ❛❞q✉✐s✐❝✐ó♥ ❞❡ ◆❛t✐♦♥❛❧
■♥str✉♠❡♥ts ✏P❈■ ✻✵✶✹ ◆■✑ ♣❛r❛ ❧❛ ❛❞q✉✐s✐❝✐♦♥ ❞❡ ❞❛t♦s✱ ❛❞❡♠ás ❝✉❡♥t❛ ❝♦♥ ❝♦♥❡❝t♦r❡s
❡①t❡r♥♦s ♣❛r❛ q✉❡ ❝✉❛❧q✉✐❡r ❡♠❜❡❜✐❞♦ ♣✉❡❞❛ s❡r ✉t✐❧✐③❛❞♦ ♣♦r s✐ ❧❛ t❛r❥❡t❛ P❈■ ✻✵✶✹ ♥♦
❡stá ❞✐s♣♦♥✐❜❧❡✳

❋✐❣✉r❛ ✶✿ ❍❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✳✶

▲❛ ♣❧❛♥t❛ t✐❡♥❡ ❞♦s ♣r♦♣✉❧s♦r❡s ❛❝♦♣❧❛❞♦s ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ ✉♥♦ ❛❧ ♦tr♦✱ ❛♠❜♦s s♦♥
♠♦t♦r❡s s✐♥ ❡s❝♦❜✐❧❧❛s ❛❝❝✐♦♥❛❞♦s ♣♦r ✉♥❛ ❡♥tr❛❞❛ ❡❧é❝tr✐❝❛✳ ❊st♦ ❡♠✉❧❛ ❧❛ ❝♦♥✜❣✉r❛✲
❝✐ó♥ ❝♦♠ú♥ ❞❡ ✉♥ ❤❡❧✐❝ó♣t❡r♦ ❝♦♥ r♦t♦r ♣r✐♥❝✐♣❛❧ ② ✉♥ r♦t♦r ❞❡ ❝♦❧❛ ✭r♦t♦r ❛♥t✐♣❛r✮✳ ▲❛
❤é❧✐❝❡ ❢r♦♥t❛❧ ❡s ❧❛ q✉❡ ♣r♦♣♦r❝✐♦♥❛ ❡❧ ❡❢❡❝t♦ ❞❡ ❡❧❡✈❛❝✐ó♥ ② s✉ á♥❣✉❧♦ ❡s ♣✐t❝❤✳ ▲❛ ❤é❧✐❝❡
♣♦st❡r✐♦r ❝♦♥tr♦❧❛ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ♦r✐❡♥t❛❝✐ó♥ ② s✉ á♥❣✉❧♦ ❡s ❨❛✇✳ P❛r❛ ❝♦♥♦❝❡r ❧❛
✈❛r✐❛❝✐ó♥ ❞❡ ❧♦s á♥❣✉❧♦s s❡ ✐♥st❛❧❛r♦♥ ♣♦t❡♥❝✐ó♠❡tr♦s ❧✐♥❡❛❧❡s ❞❡ ✶❦ ♦❤♠✳ P❛r❛ r❡❛❧✐③❛r
❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ s❡ ❝✉❡♥t❛ ❝♦♥ r♦❞❛♠✐❡♥t♦s ❞❡ ❜♦❧❛s ❞❡ ❛❧t❛ ❞✉r❛❜✐❧✐✲
❞❛❞✱ ❧♦s ❝✉❛❧❡s ❞❛♥ ✉♥❛ ❣r❛♥ ❛✉t♦♥♦♠í❛ ❞❡ ♠♦✈✐❧✐❞❛❞ ♣❛r❛ ❛♠❜♦s á♥❣✉❧♦s ✏P✐t❝❤ ② ❨❛✇✑✳

❊❧ s✐st❡♠❛ t✐❡♥❡ ❞♦s ❝❛r❛❝t❡ríst✐❝❛ ❡s♣❡❝í✜❝❛s✱ ❡s ✉♥ s✐st❡♠❛ ♠✉❧t✐✲✈❛r✐❛❜❧❡ ② ❣❡♥❡r❛
❞♦s ❢✉❡r③❛s tr❛♥s✈❡rs❛❧❡s ❧❧❛♠❛❞❛s ❝♦r✐♦❧✐s ❣❡♥❡r❛❞❛s ❝✉❛♥❞♦ ❧♦s ♠♦t♦r❡s ❡stá♥ r❡❛❧✐③❛♥✲
❞♦ ❡❧ ❡♠♣✉❥❡✱ ♣♦r ❧♦ t❛♥t♦❀ ❡❧ ❡❢❡❝t♦ ❞❡ t♦rs✐ó♥ ✐♥❤❡r❡♥t❡ ❞❡ ❧❛ ❤é❧✐❝❡ ❞❡❧❛♥t❡r❛ ❤❛❝❡ q✉❡
❡❧ ❝✉❡r♣♦ ❣✐r❡ ② ❞❡❜❡ s❡r ❝♦♠♣❡♥s❛❞♦ ♣♦r ❡❧ r♦t♦r ❞❡ ❝♦❧❛ ② ✈✐❝❡✈❡rs❛✱ ❛❧ ✐❣✉❛❧ q✉❡ ❡♥
❧♦s ❤❡❧✐❝ó♣t❡r♦s ❞❡ t❛♠❛ñ♦ r❡❛❧✱ q✉❡ ♣✉❡❞❡ ❤❛❝❡r ❞❡s❛✜❛♥t❡ ❡ ✐♥t❡r❡s❛♥t❡ ❡❧ ♠♦❞❡❧❛❞♦
② ❝♦♥tr♦❧ ❞❡ t❛♥ ❝♦♠♣❧❡❥♦ s✐st❡♠❛✳

✶❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✶✹



✷✳ ❖❇❏❊❚■❱❖❙

✷✳✶✳ ❖❇❏❊❚■❱❖ ●❊◆❊❘❆▲

✶✳ ❉✐s❡ñ❛r✱ ❝♦♥str✉✐r ② ❝♦♥tr♦❧❛r ✉♥ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✳

✷✳✷✳ ❖❇❏❊❚■❱❖❙ ❊❙P❊❈❮❋■❈❖❙

✶✳ ❉✐s❡ñ❛r ② ❝♦♥str✉✐r ❡❧ s✐st❡♠❛ ♠❡❝á♥✐❝♦ ❞❡ ✉♥❛ ♣❧❛♥t❛ t✐♣♦ ❤❡❧✐❝ó♣t❡r♦ ❞♦s ❣r❛❞♦s
❞❡ ❧✐❜❡rt❛❞✳

✷✳ ❖❜t❡♥❡r ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ❞❡ ❧❛ ♣❧❛♥t❛ t✐♣♦ ❤❡❧✐❝ó♣t❡r♦ ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡✲
r❡♥❝✐❛❧❡s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✳

✸✳ ❉✐s❡ñ❛r ❡ ✐♠♣❧❡♠❡♥t❛r ❡❧ ❝♦♥tr♦❧ P■❉ ❙■❙❖ ② ❞❡ ❞❡s❛❝♦♣❧❛♠✐❡♥t♦ ❝r✉③❛❞♦ ▼■▼❖✳

✹✳ ❉✐s❡ñ❛r ❡ ✐♠♣❧❡♠❡♥t❛r ❡❧ ❝♦♥tr♦❧ P■ ✈❡❝t♦r✐❛❧ ❝♦♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦✳

✺✳ ❊✈❛❧✉❛r ❧♦s ❝♦♥tr♦❧❛❞♦r❡s ❡♥ ❡❧ ♠ó❞✉❧♦ ❞❡ ❝♦♥tr♦❧✳

✻✳ ❈♦♠♣❛r❛r ❧❛s ❞✐❢❡r❡♥t❡s té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧ ❡ ✐❞❡♥t✐✜❝❛r ❡❧ ♠ét♦❞♦ q✉❡ ♠❡❥♦r s❡
❛❝♦♣❧❡ ❛❧ s✐st❡♠❛✳

✶✺



✸✳ ▼❆❘❈❖ ❚❊Ó❘■❈❖

✸✳✶✳ ❊❈❯❆❈■❖◆❊❙ ❉❊▼❖❱■▼■❊◆❚❖❉❊ ❊❯▲❊❘✲▲❆●❘❆◆●❊

▲❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ s♦♥ ❤❡rr❛♠✐❡♥t❛s ♠❛t❡♠át✐❝❛s q✉❡
♣❡r♠✐t❡♥ ❞❡s❝r✐❜✐r ❧♦s ❢❡♥ó♠❡♥♦s ❡s♣❡❝í✜❝♦s ❡♥ ✉♥ s✐st❡♠❛ ② t✐❡♥❡♥ ❣r❛♥ ✉t✐❧✐❞❛❞ ❝✉❛♥✲
❞♦ ❡❧ s✐st❡♠❛ t✐❡♥❡ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♥♦ ❧✐♥❡❛❧✱ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ✉♥ ❤❡❧✐❝ó♣t❡r♦ ❞❡
❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✳

❘❡❛❧✐③❛♥❞♦ ✉♥ ❜❛❧❛♥❝❡ ❡♥❡r❣❡t✐❝♦ ❞❡❧ s✐st❡♠❛ ❡♥tr❡ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❞❡❧ ♦❜❥❡t♦✱ ♠❡♥♦s
❧❛ ❡♥❡r❣í❛ ♣♦t❡♥❝✐❛❧ ❞❡❧ ♠✐s♠♦✳ ▲❛ ❢♦r♠✉❧❛❝✐ó♥ ▲❛❣r❛♥❣✐❛♥❛ s✐♠♣❧✐✜❝❛ ❝♦♥s✐❞❡r❛❜❧❡♠❡♥✲
t❡ ❣r❛♥ ♠❛②♦rí❛ ❞❡ ♣r♦❜❧❡♠❛s ❢ís✐❝♦s✳

▲❛ ♠❡❝á♥✐❝❛ ♥❡✇t♦♥✐❛♥❛ s❡ ❞❡s❝r✐❜❡ ♣♦r ♠❡❞✐♦ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡ ▲❛✲
❣r❛♥❣❡✱ t❛♠❜✐é♥ ❝♦♥♦❝✐❞❛s ❝♦♠♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✉❧❡r✲ ▲❛❣r❛♥❣❡❀ ❧❛s ❝✉❛❧❡s ♣❡r♠✐t❡♥
❝♦♥t❛r ❝♦♥ ✉♥ s✐st❡♠❛ ❛♥❛❧ít✐❝♦ ♣❛r❛ ♦❜t❡♥❡r ❧❛s ❡❝✉❛❝✐♦♥❡s q✉❡ ❞❡s❝r✐❜❡♥ ❡❧ ❝♦♠♣♦rt❛✲
♠✐❡♥t♦ ❢ís✐❝♦ ❞❡❧ s✐st❡♠❛ ❬✶❪✳

▲❛ ❢ór♠✉❧❛ ❣❡♥❡r❛❧ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡s✿

∂

∂t

∂L

∂q̇i
− ∂L

∂qi
+

∂R

∂q̇i
= τi

❉♦♥❞❡ qi ❡s ❡❧ t❡♥s♦r ♠étr✐❝♦ ❞❡❧ ❡s♣❛❝✐♦ ❡✉❝❧í❞❡♦ ❡①♣r❡s❛❞♦ ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧✐✲
③❛❞❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s✱ q✉❡ só❧♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛s ♣r♦♣✐❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❧❛s ✈❡❧♦❝✐❞❛❞❡s
q̇i✳

▲❛s ❝♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧✐③❛❞❛s ♣✉❡❞❡♥ r❡♣r❡s❡♥t❛r ✉♥❛ ❝❛r❣❛ ❡❧é❝tr✐❝❛ ♦ ✢✉❥♦ ♠❛❣♥ét✐✲
❝♦✱ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❧✐♥❡❛❧ ♦ ❛♥❣✉❧❛r✱ q✉❡ ♠✉❡str❛ q✉❡ ♥♦ ❡stá♥ r❡str✐♥❣✐❞❛s ❛ s✐st❡♠❛s
❢ís✐❝♦s ② ❝♦rr❡s♣♦♥❞❡♥ ❛ ❝❛❞❛ ❣r❛❞♦ ❞❡ ❧✐❜❡rt❛❞ ❞❡❧ s✐st❡♠❛ ❬✷❪✳

▲❛s ✈❛r✐❛❜❧❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✮ s♦♥✿

✲ qi ❡s ❧❛ ❝♦♦r❞❡♥❛❞❛ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❧❛ ❥✉♥t❛ i✳

✲ L = T − V ✐s ❡❧ ❧❛❣r❛♥❣✐❛♥♦✳

✲ T ❡s ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❞❡❧ s✐st❡♠❛✳

✲ V ❡s ❧❛ ❡♥❡r❣í❛ ♣♦t❡♥❝✐❛❧ ❞❡❧ s✐st❡♠❛✳

✲ R = 1
2
βiθ̇

2
i ❡s ❧❛ ✈❛r✐❛❜❧❡ ❘❛②❧❡✐❣❤✱ ✉s❛❞❛ ♣❛r❛ ♠❛♥❡❥❛r ❧♦s ❡❢❡❝t♦s ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞

♣r♦♣♦r❝✐♦♥❛❧ ❛ ❧❛s ❢✉❡r③❛s ❞❡ ❢r✐❝❝✐ó♥ ❡♥❝♦♥tr❛❞❛s ❡♥ ❡❧ ❧❛❣r❛♥❣✐❛♥♦✳

✶✻



✲ βi ❡s ❧❛ ✈✐s❝♦s✐❞❛❞ ❡♥❝♦♥tr❛❞❛ ❡♥ ❧❛ ❥✉♥t❛ i✳

✲ τi ❡s ❡❧ t♦rq✉❡ ❞❡ ❡♥tr❛❞❛ ❡♥❝♦♥tr❛❞♦ ❡♥ ❧❛ ❥✉♥t❛ i✳

✸✳✷✳ ❈❖❖❘❉❊◆❆❉❆❙ ●❊◆❊❘❆▲■❩❆❉❆❙

❙❡ ❧❡ ❞❡♥♦♠✐♥❛♥ ❝♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧✐③❛❞❛s ✑❛ ✉♥ ❝♦♥❥✉♥t♦ ❝✉❛❧q✉✐❡r❛ ❞❡ ♣❛rá♠❡tr♦s
qi; i = 1; 2, ..., n✱ q✉❡ s✐r✈❡♥ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❞❡ ♠❛♥❡r❛ ✉♥í✈♦❝❛ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❞❡❧
s✐st❡♠❛✑✳✷

❊st♦s ♣❛rá♠❡tr♦s ❡♥ ♣r✐♥❝✐♣✐♦ ♣✉❡❞❡♥ s❡r ❝✉❛❧❡sq✉✐❡r❛✱ s✐♥ ♥❡❝❡s✐t❛r s❡r ❤♦♠♦❣é♥❡♦s
❡♥ ❝✉❛♥t♦ ❛ ❞✐♠❡♥s✐♦♥❡s✳ P♦r ❡❥❡♠♣❧♦✱ s❡ ♣✉❡❞❡♥ ♠❡③❝❧❛r ❧♦♥❣✐t✉❞❡s✱ á♥❣✉❧♦s✱ ❡t❝✳ ❯♥❛
✐❞❡❛ ❝❧❛✈❡✱ s✉❜②❛❝❡♥t❡ ❡♥ ❧❛ ❡❧❡❝❝✐ó♥ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧✐③❛❞❛s✱ ❡s q✉❡ ést❛s ♣✉❡❞❡♥
❡♥❣❧♦❜❛r ❡♥ s✉ ♣r♦♣✐❛ ❡❧❡❝❝✐ó♥ ❧♦s ❡♥❧❛❝❡s ❞❡❧ s✐st❡♠❛ ✭t♦❞♦s ♦ ❛❧ ♠❡♥♦s ✉♥❛ ♣❛rt❡ ❞❡
❡❧❧♦s✮✳ ❉❡ ❡st❛ ❢♦r♠❛ s❡ ❝♦♥s✐❣✉❡ ✉♥❛ ❞♦❜❧❡ ✈❡♥t❛❥❛✿ ♣♦r ✉♥❛ ♣❛rt❡✱ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛✲
rá♠❡tr♦s ❡s ♠❡♥♦r q✉❡ ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❞✐r❡❝t❛♠❡♥t❡ ❛ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ t♦❞❛s ❧❛s
♣❛rtí❝✉❧❛s✳ P♦r ♦tr❛✱ ❡❧ ♥ú♠❡r♦ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞❡ ❡♥❧❛❝❡ s❡ ✈❡ ✐❣✉❛❧♠❡♥t❡ r❡❞✉❝✐❞♦✳

❯♥ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s qi s❡ ❞❡♥♦♠✐♥❛ ✓❧✐❜r❡✔ ❝✉❛♥❞♦ s❡ ♣✉❡❞❡♥ ✈❛r✐❛r ❞❡ ❢♦r♠❛
✐♥❞❡♣❡♥❞✐❡♥t❡ ❡♥tr❡ sí❀ ❡s ❞❡❝✐r✱ s✐ ❧❛s ✈❛r✐❛❝✐♦♥❡s ❞❡ ❧❛s ♠✐s♠❛s✱ δqi✱ s❡ ♣✉❡❞❡♥ ❡s❝♦❣❡r
❞❡ ❢♦r♠❛ ❛r❜✐tr❛r✐❛✳ ❈❛s♦ ❞❡ q✉❡ ♥♦ s❡❛ ❛sí✱ s❡rá ♣♦rq✉❡ ❡①✐st❡ ❛❧❣✉♥❛ ❧✐❣❛❞✉r❛ q✉❡
r❡❧❛❝✐♦♥❡ ❞✐❝❤❛s ❝♦♦r❞❡♥❛❞❛s✱ ❜✐❡♥ ❞❡ t✐♣♦ ❤♦❧ó♥♦♠♦ ♦ ♥♦ ❤♦❧ó♥♦♠♦✳❬✸❪

✸✳✸✳ ●❘❆❉❖❙ ❉❊ ▲■❇❊❘❚❆❉

❈♦♦r❞❡♥❛❞❛s ✐♥❞❡♣❡♥❞✐❡♥t❡s✳ ●r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✳ ❯♥ ❝♦♥❥✉♥t♦ ♠í♥✐♠♦ ♥❡❝❡s❛r✐♦ ② s✉✲
✜❝✐❡♥t❡ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧✐③❛❞❛s ♣❛r❛ ❞❡s❝r✐❜✐r ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❞❡ ✉♥ s✐st❡♠❛
♠❡❝á♥✐❝♦ s❡ ❞❡♠♦♥✐♠❛ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✐♥❞❡♣❡♥❞✐❡♥t❡s ✭❝✐✮✳ ❙✐ ❜✐❡♥ ♣❛r❛ ✉♥
❝✐❡rt♦ s✐st❡♠❛ s❡ ♣✉❡❞❡ ❞❡✜♥✐r ❞✐✈❡rs♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♦r❞❡♥❛❞❛s ✐♥❞❡♣❡♥❞✐❡♥t❡s✱ ❧❛
❞✐♠❡♥s✐ó♥ ❞❡ ❡st♦s ❝♦♥❥✉♥t♦s ❡s ✉♥❛ ❝❛r❛❝t❡r✐st✐❝❛ ❞❡❧ s✐st❡♠❛ ② s❡ ❞❡♥♦♠✐♥❛♥ ♥ú♠❡r♦
❞❡ ❝♦♦r❞❡♥❛❞❛s ✐♥❞❡♣❡♥❞✐❡♥t❡s✳

❈✉❛❧q✉✐❡r ♥✉♠❡r♦ ♠í♥✐♠♦ ♥❡❝❡s❛r✐♦ ② s✉✜❝✐❡♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❣❡♥❡r❛❧✐③❛❞❛s q✉❡ ❞❡s✲
❝r✐❜❡♥ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡❧ s✐st❡♠❛ s❡ ❞❡♥♦♠✐♥❛ ❝♦♥❥✉♥t♦ ❞❡ ❣r❛❞♦s ❞❡
❧✐❜❡rt❛❞ ✭❣❧✮✳ ▲❛ ❞✐♠❡♥s✐ó♥ ❞❡ ❡st♦s ❝♦♥❥✉♥t♦s ❡s t❛♠❜✐é♥ ✉♥❛ ❝❛r❛❝t❡r✐st✐❝❛ ❞❡❧ s✐st❡♠❛
② s❡ ❞❡♥♦♠✐♥❛♥ ♥ú♠❡r♦ ❞❡ ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✳

❉❡s❞❡ ✉♥ ♣✉♥t♦ ❞❡ ✈✐st❛ ✐♥t✉✐t✐✈♦✱ s❡ ❛s♦❝✐❛♥ ❧♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ❛ ❧♦s ♠♦✈✐♠✐❡♥t♦s
✐♥❞❡♣❡♥❞✐❡♥t❡s ❛ ❝♦rt♦ tér♥✐♠♦ q✉❡ ♣✉❡❞❡ r❡❛❧✐③❛r ❡❧ s✐st❡♠❛✱ ② ❧❛s ❝♦♦r❞❡♥❛❞❛s ✐♥❞❡✲
♣❡♥❞✐❡♥t❡s ❛ ❧♦s ♠♦✈✐♠✐❡♥t♦s ❛ ❧❛r❣♦ tér♠✐♥♦✳

✷❋✉❡♥t❡✿ ❚❡♦rí❛ ❞❡ ♠áq✉✐♥❛s✳ Pr✐♠❡r❛ ❡❞✐❝✐ó♥✳ ❇❛r❝❡❧♦♥❛✱ ❊s♣❛ñ❛✿ ❊❞✐t♦r✐❛❧ ❈P❉❆✱ ✷✵✵✶✳ ♣✳ ✸✸ ✲
✹✵✳

✶✼



❊❧ ♥✉♠❡r♦ ❞❡ ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ② ❡❧ ♥✉♠❡r♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ✉♥
s✐st❡♠❛ ♥♦ t✐❡♥❡♥ ♣♦r q✉é ❝♦✐♥❝✐❞✐r✱ s✐ ❜✐❡♥ ❡♥ ❧❛ ♠❛②♦r✐❛ ❞❡ ❧♦s ♠❡❝❛♥✐s♠♦s ❝♦✐♥❝✐❞❡♥✳
❊s ♣♦r ❡s♦ q✉❡ ❛ ♠❡♥✉❞♦ ❡♥ ❡❧ á♠❜✐t♦ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ♠áq✉✐♥❛s ② ♠❡❝❛♥✐s♠♦s s❡ ♦❜✈✐❛
❧❛ ❞✐❢❡r❡♥❝✐❛ ② s❡ ❤❛❜❧❛ ❞❡ ✏♥✉♠❡r♦ ❞❡ ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ❞❡ ✉♥ ♠❡❝❛♥✐s♠♦✑ ♦ ❜✐❡♥ ❞❡
✏♠♦✈✐❧✐❞❛❞ ❞❡ ✉♥ ♠❡❝❛♥✐s♠♦✑✱ ♣❛r❛ r❡❢❡r✐rs❡ t❛♥t♦ ❛ ✈❡❧♦❝✐❞❛❞❡s ❝♦♠♦ ❛ ❝♦♦r❞❡♥❛❞❛s
✐♥❞❡♣❡♥❞✐❡♥t❡s✳ ❬✸❪

✸✳✹✳ ▼❖❱■▲■❉❆❉ ❊◆ ❆❊❘❖◆❆❱❊ P■❚❈❍✱ ❘❖▲▲ ❨ ❨❆❲

❙❡ tr❛t❛ ❞❡ r❡❝t❛s ✐♠❛❣✐♥❛r✐❛s ❡ ✐❞❡❛❧❡s tr❛③❛❞❛s s♦❜r❡ ❡❧ ❛✈✐ó♥✳ ❙✉ ❞❡♥♦♠✐♥❛❝✐ó♥ ② ❧♦s
♠♦✈✐♠✐❡♥t♦s q✉❡ s❡ r❡❛❧✐③❛♥ ❛❧r❡❞❡❞♦r ❞❡ ❡❧❧♦s s♦♥ ❧♦s s✐❣✉✐❡♥t❡s✿

❊❥❡ ❧♦♥❣✐t✉❞✐♥❛❧✳ ❊s ❡❧ ❡❥❡ ✐♠❛❣✐♥❛r✐♦ q✉❡ ✈❛ ❞❡s❞❡ ❡❧ ♠♦rr♦ ❤❛st❛ ❧❛ ❝♦❧❛ ❞❡❧ ❛✈✐ó♥✳
❊❧ ♠♦✈✐♠✐❡♥t♦ ❛❧r❡❞❡❞♦r ❞❡ ❡st❡ ❡❥❡ ✭❧❡✈❛♥t❛r ✉♥ ❛❧❛ ❜❛❥❛♥❞♦ ❧❛ ♦tr❛✮ s❡ ❞❡♥♦♠✐♥❛
❛❧❛❜❡♦ ✭❡♥ ✐♥❣❧és ✧❘♦❧❧✧✮✳ ❚❛♠❜✐é♥ s❡ ❧❡ ❞❡♥♦♠✐♥❛ ❡❥❡ ❞❡ ❛❧❛❜❡♦ ♦ ❜❛❧❛♥❝❡✱ ♥♦♠❜r❡
q✉❡ ♣❛r❡❝❡ ♠ás ❧ó❣✐❝♦ ♣✉❡s ❝✉❛♥❞♦ s❡ ❤❛❝❡ r❡❢❡r❡♥❝✐❛ ❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ s♦❜r❡ ❡st❡ ❡❥❡✱ ❡s
♠❡♥♦s ❝♦♥❢✉s♦ ❤❛❜❧❛r ❞❡ ❡st❛❜✐❧✐❞❛❞ ❞❡ ❛❧❛❜❡♦ q✉❡ ❞❡ ❡st❛❜✐❧✐❞❛❞ ✧tr❛♥s✈❡rs❛❧✧✳

❋✐❣✉r❛ ✷✿ ➪♥❣✉❧♦s ❞❡ ♠♦✈✐❧✐❞❛❞✳✸

❊❥❡ tr❛♥s✈❡rs❛❧ ♦ ❧❛t❡r❛❧✳ ❊❥❡ ✐♠❛❣✐♥❛r✐♦ q✉❡ ✈❛ ❞❡s❞❡ ❡❧ ❡①tr❡♠♦ ❞❡ ✉♥ ❛❧❛ ❛❧ ❡①✲
tr❡♠♦ ❞❡ ❧❛ ♦tr❛✳ ❊❧ ♠♦✈✐♠✐❡♥t♦ ❛❧r❡❞❡❞♦r ❞❡ ❡st❡ ❡❥❡ ✭♠♦rr♦ ❛rr✐❜❛ ♦ ♠♦rr♦ ❛❜❛❥♦✮
s❡ ❞❡♥♦♠✐♥❛ ❝❛❜❡❝❡♦ ✭✧P✐t❝❤✧ ❡♥ ✐♥❣❧és✮✳ ❚❛♠❜✐é♥ ❞❡♥♦♠✐♥❛❞♦ ❡❥❡ ❞❡ ❝❛❜❡❝❡♦✱ ♣♦r
❧❛s ♠✐s♠❛s r❛③♦♥❡s q✉❡ ❡♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r✳ ❊❥❡ ✈❡rt✐❝❛❧✳ ❊❥❡ ✐♠❛❣✐♥❛r✐♦ q✉❡ ❛tr❛✈✐❡s❛
❡❧ ❝❡♥tr♦ ❞❡❧ ❛✈✐ó♥✳ ❊❧ ♠♦✈✐♠✐❡♥t♦ ❡♥ t♦r♥♦ ❛ ❡st❡ ❡❥❡ ✭♠♦rr♦ ✈✐r❛♥❞♦ ❛ ❧❛ ✐③q✉✐❡r❞❛ ♦
❧❛ ❞❡r❡❝❤❛✮ s❡ ❧❧❛♠❛ ❣✉✐ñ❛❞❛ ✭✧❨❛✇✧ ❡♥ ✐♥❣❧és✮✳ ❉❡♥♦♠✐♥❛❞♦ ✐❣✉❛❧♠❡♥t❡ ❡❥❡ ❞❡ ❣✉✐ñ❛❞❛✳

❊♥ ✉♥ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s✱ ❡❧ ❡❥❡ ❧♦♥❣✐t✉❞✐♥❛❧ ♦ ❞❡ ❛❧❛❜❡♦ s❡rí❛ ❡❧ ❡❥❡
✧①✧❀ ❡❧ ❡❥❡ tr❛♥s✈❡rs❛❧ ♦ ❡❥❡ ❞❡ ❝❛❜❡❝❡♦ s❡rí❛ ❡❧ ❡❥❡ ✧②✧✱ ② ❡❧ ❡❥❡ ✈❡rt✐❝❛❧ ♦ ❡❥❡ ❞❡ ❣✉✐ñ❛❞❛

✸❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✻ ❞❡ ◆♦✈✐❡♠❜r❡ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥
❤tt♣✿✴✴✇✇✇✳❛❡♥❛✳❡s✴✐♠❣✴✢❛s❤✴❛❡r♦♥❛✈❡s✵✻✳❥♣❣

✶✽



s❡rí❛ ❡❧ ❡❥❡ ✧③✧✳ ❊❧ ♦r✐❣❡♥ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ ❡st❡ s✐st❡♠❛ ❞❡ ❡❥❡s ❡s ❡❧ ❝❡♥tr♦ ❞❡ ❣r❛✈❡❞❛❞
❞❡❧ ❛✈✐ó♥✳❬✹❪

✸✳✺✳ ❆❊❘❖❉■◆➪▼■❈❆ ❉❊ ❯◆ ❍❊▲■❈ÓP❚❊❘❖

❊♥ ✉♥ ❛✈✐ó♥✱ ❧❛s ❛❧❛s s❡ ❡♥❝❛r❣❛♥ ❞❡ ❧❛ s✉st❡♥t❛❝✐ó♥✱ ♠✐❡♥tr❛s q✉❡ ❡♥ ✉♥ ❤❡❧✐❝ó♣t❡r♦
❧❛ ❤é❧✐❝❡ ❛♣♦rt❛ ❧❛ ♣r♦♣✉❧s✐ó♥✳ ❊❧ ár❡❛ ❝✐r❝✉❧❛r ❞❡✜♥✐❞❛ ♣♦r ❧❛ r♦t❛❝✐ó♥ ❞❡ ❧❛s ♣❛❧❛s s❡
❧❧❛♠❛ ✏r♦t♦r ♣r✐♥❝✐♣❛❧✧✱ ❡stá ❤é❧✐❝❡ ❡♠♣✉❥❛ ❡❧ ❛✐r❡ ❤❛❝✐❛ ❛❜❛❥♦ ② ❡❧ ❤❡❧✐❝ó♣t❡r♦ ❛s❝✐❡♥❞❡✳
❊s ✉♥❛ ❛❡r♦♥❛✈❡ ❞❡ ❛❧❛s ❣✐r❛t♦r✐❛s ✭r♦t♦r✮ q✉❡ ♣r♦♣♦r❝✐♦♥❛♥✿

✲ ❙✉st❡♥t❛❝✐ó♥
✲ Pr♦♣✉❧s✐ó♥
✲ ❈♦♥tr♦❧

❙✐ s❡ ✐♥❝❧✐♥❛ ❡❧ r♦t♦r ♣r✐♥❝✐♣❛❧✱ ❡❧ ❤❡❧✐❝ó♣t❡r♦ s❡ ♠♦✈❡rá ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ ❧❛ ✐♥❝❧✐✲
♥❛❝✐ó♥✳ ❙✐ ❡❧ r♦t♦r ♣r✐♥❝✐♣❛❧ ❣✐r❛✱ ✉♥❛ ❢✉❡r③❛ ✐❣✉❛❧ ② ❝♦♥tr❛r✐❛ ❤❛❝❡ ❣✐r❛r ❛❧ ❢✉s❡❧❛❥❡ ❞❡❧
❤❡❧✐❝ó♣t❡r♦ ❡♥ ❡❧ s❡♥t✐❞♦ ✐♥✈❡rs♦✳ ❊❧ r♦t♦r ❞❡ ❝♦❧❛ ❝♦♠♣❡♥s❛ ❡st❡ ♣❛r✱ t❛♠❜✐é♥ ♣❡r♠✐t❡
❛ ❧❛ ❛❡r♦♥❛✈❡ ♠❛♥t❡♥❡rs❡ ❡♥ ✈✉❡❧♦ ❡♥ ✉♥ ♣✉♥t♦ ✜❥♦ s✐♥ ♥❡❝❡s✐❞❛❞ ❞❡ ✉♥❛ ✈❡❧♦❝✐❞❛❞ ❞❡
✈✉❡❧♦ q✉❡ ❣❡♥❡r❡ ❡st❛s ❢✉❡r③❛s ❬✺❪✳

✸✳✻✳ ❉■◆❆▼■❈❆ ❍➱▲■❈❊

▲♦s ♣❡r✜❧❡s ❛❡r♦❞✐♥á♠✐❝♦s q✉❡ ❝♦♠♣♦♥❡♥ ✉♥❛ ❤é❧✐❝❡ ❡stá♥ s✉❥❡t♦s ❛ ❧❛s ♠✐s♠❛s ❧❡②❡s
② ♣r✐♥❝✐♣✐♦s q✉❡ ❝✉❛❧q✉✐❡r ♦tr♦ ♣❡r✜❧ ❛❡r♦❞✐♥á♠✐❝♦✱ ♣♦r ❡❥❡♠♣❧♦ ✉♥ ❛❧❛✳ ❈❛❞❛ ✉♥♦ ❞❡
❡st♦s ♣❡r✜❧❡s t✐❡♥❡ ✉♥ á♥❣✉❧♦ ❞❡ ❛t❛q✉❡✱ r❡s♣❡❝t♦ ❛❧ ✈✐❡♥t♦ r❡❧❛t✐✈♦ ❞❡ ❧❛ ♣❛❧❛ q✉❡ ❡♥
❡st❡ ❝❛s♦ ❡s ❝❡r❝❛♥♦ ❛❧ ♣❧❛♥♦ ❞❡ r❡✈♦❧✉❝✐ó♥ ❞❡ ❧❛ ❤é❧✐❝❡✱ ② ✉♥ ♣❛s♦ ✭✐❣✉❛❧ ❛❧ á♥❣✉❧♦ ❞❡
✐♥❝✐❞❡♥❝✐❛✮✳ ❊❧ ❣✐r♦ ❞❡ ❧❛ ❤é❧✐❝❡✱ s✐♠✉❧❛ ❧❛ r♦t❛❝✐ó♥ ❞❡ ♠✉❝❤❛s ♣❡q✉❡ñ❛s ❛❧❛s✱ ❛❝❡❧❡r❛ ❡❧
✢✉❥♦ ❞❡ ❛✐r❡ ❤❛❝✐❛ ❡❧ ❜♦r❞❡ ❞❡ s❛❧✐❞❛ ❞❡ ❝❛❞❛ ♣❡r✜❧✱ ❛ ❧❛ ✈❡③ q✉❡ ❞❡✢❡❝t❛ ést❡ ❤❛❝✐❛ ❛trás
✭❧♦ ♠✐s♠♦ q✉❡ s✉❝❡❞❡ ❡♥ ✉♥ ❛❧❛✮✳ ❚❛❧ ♣r♦❝❡s♦ ❞❛ ❧✉❣❛r ❛ ❧❛ ❛❝❡❧❡r❛❝✐ó♥ ❤❛❝✐❛ ❛trás ❞❡
✉♥❛ ❣r❛♥ ♠❛s❛ ❞❡ ❛✐r❡✱ ♠♦✈✐♠✐❡♥t♦ q✉❡ ♣r♦✈♦❝❛ ✉♥❛ ❢✉❡r③❛ ❞❡ r❡❛❝❝✐ó♥ q✉❡ ❡s ❧❛ q✉❡
♣r♦♣✉❧s❛ ❡❧ ❛✈✐ó♥ ❤❛❝✐❛ ❛❞❡❧❛♥t❡✳

❋✐❣✉r❛ ✸✿ ❙✉st❡♥t❛❝✐ó♥ ❞❡ ✉♥ ❤❡❧✐❝ó♣t❡r♦✳✹

✹❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✷✵ ❞❡ ❖❝t✉❜r❡ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥
❤tt♣✿✴✴s❦②t❡❝❤♥♦❧♦❣✐❡s✳♥❡t✴✐♠❛❣❡s✴❢✉❡r③❛s✪✷✵❤❡❧✐❝♦♣❡r♦✪✷✵✵✷✳❣✐❢

✶✾



▲❛ ❢✉❡r③❛ ❞❡ ♣r♦♣✉❧s✐ó♥ ❞❡❧ ❛❡r♦♣❧❛♥♦ ❡stá ❞✐r❡❝t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❧❛ ❝❛♥t✐❞❛❞
❞❡ ❛✐r❡ q✉❡ ♠✉❡✈❡ ② ❧❛ ✈❡❧♦❝✐❞❛❞ ❝♦♥ q✉❡ ❧♦ ❛❝❡❧❡r❛❀ ❞❡♣❡♥❞❡ ♣♦r t❛♥t♦ ❞❡❧ t❛♠❛ñ♦ ❞❡
❧❛ ❤é❧✐❝❡✱ ❞❡ s✉ ♣❛s♦✱ ② ❞❡ s✉ ✈❡❧♦❝✐❞❛❞ ❞❡ ❣✐r♦✳ ❙✉ ❞✐s❡ñ♦✱ ❢♦r♠❛✱ ♥ú♠❡r♦ ❞❡ ♣❛❧❛s✱
❞✐á♠❡tr♦✱ ❡t❝✳✳✳ ❞❡❜❡ s❡r ❡❧ ❛❞❡❝✉❛❞♦ ♣❛r❛ ❧❛ ❣❛♠❛ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❡♥ q✉❡ ♣✉❡❞❡ ♦♣❡r❛r
❡❧ ❛✈✐ó♥✳ ❯♥❛ ❤é❧✐❝❡ ❜✐❡♥ ❞✐s❡ñ❛❞❛ ♣✉❡❞❡ ❞❛r ✉♥ r❡♥❞✐♠✐❡♥t♦ ❞❡ ❤❛st❛ ✵✱✾ s♦❜r❡ ✉♥ ✐❞❡❛❧
❞❡ ✶✳

❈♦♥ ✐♥❞❡♣❡♥❞❡♥❝✐❛ ❞❡❧ ♥ú♠❡r♦ ❞❡ ♣❛❧❛s ✭✷✱ ✸✱ ✹✳✳✳✮✱ ❧❛s ❤é❧✐❝❡s s❡ ❝❧❛s✐✜❝❛♥ ❜ás✐❝❛✲
♠❡♥t❡ ❡♥ ❤é❧✐❝❡s ❞❡ ♣❛s♦ ✜❥♦ ② ❤é❧✐❝❡s ❞❡ ♣❛s♦ ✈❛r✐❛❜❧❡✳ ❙❡ ❞❡♥♦♠✐♥❛ ♣❛s♦ ❞❡ ❧❛ ❤é❧✐❝❡
❛❧ á♥❣✉❧♦ q✉❡ ❢♦r♠❛ ❧❛ ❝✉❡r❞❛ ❞❡ ❧♦s ♣❡r✜❧❡s ❞❡ ❧❛s ♣❛❧❛s ❝♦♥ ❡❧ ♣❧❛♥♦ ❞❡ r♦t❛❝✐ó♥ ❞❡ ❧❛
❤é❧✐❝❡ ❬✻❪✳

✸✳✼✳ ❋❯❊❘❩❆ ❚❘❆◆❙❱❊❘❙❆▲ ❖ ❉❊ ❈❖❘■❖▲■❙

▲❛ t❡r❝❡r❛ ❧❡② ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ◆❡✇t♦♥ ❡st❛❜❧❡❝❡ q✉❡ ♣♦r ❝❛❞❛ ❛❝❝✐ó♥ ❤❛② ✉♥❛
r❡❛❝❝✐ó♥ ✐❣✉❛❧ ♣❡r♦ ♦♣✉❡st❛✳ ❈✉❛♥❞♦ ❡❧ r♦t♦r ♣r✐♥❝✐♣❛❧ ❞❡ ✉♥ ❤❡❧✐❝ó♣t❡r♦ ❣✐r❛✱ ❤❛❝❡ q✉❡
❡❧ ❝✉❡r♣♦ ❞❡❧ ❤❡❧✐❝ó♣t❡r♦ ❣✐r❡ ❤❛❝✐❛ ❡❧ ❧❛❞♦ ❝♦♥tr❛r✐♦ ❝♦♠♦ s❡ ✈❡ ❡♥ ❧❛ ❋✐❣✉r❛ ✹✱ ❛ ❡st♦
s❡ ❞❡♥♦♠✐♥❛ t♦rs✐ó♥✳ ❊❧ r♦t♦r ❞❡ ❝♦❧❛✱ ♦ r♦t♦r ❛♥t✐ ♣❛r✱ ❡s ✉♥ ❝♦♠♣♦♥❡♥t❡ tí♣✐❝♦ ❡♥ ❧❛s
❛❡r♦♥❛✈❡s q✉❡ t✐❡♥❡♥ ✉♥ ú♥✐❝♦ r♦t♦r ♣r✐♥❝✐♣❛❧ q✉❡ ❝♦♥s✐st❡ ❡♥ ✉♥❛ ❤é❧✐❝❡ ♠♦♥t❛❞❛ ❡♥
❧❛ ♣❛rt❡ ♣♦st❡r✐♦r ❞❡❧ ❤❡❧✐❝ó♣t❡r♦✱ ❝♦♥ ✉♥ ❡❥❡ ❞❡ r♦t❛❝✐ó♥ ❧❛t❡r❛❧✳ ❊❧ ❡♠♣✉❥❡ q✉❡ ❝r❡❛
❝♦♥tr❛rr❡st❛ ❡❧ ♣❛r ♠♦t♦r ❝r❡❛❞♦ ♣♦r ❡❧ r♦t♦r ♣r✐♥❝✐♣❛❧✱ ♠❛♥t❡♥✐❡♥❞♦ ❡❧ ❛♣❛r❛t♦ ❡st❛❜❧❡
❡♥ ❡❧ ❛✐r❡ ❬✼❪✳

❋✐❣✉r❛ ✹✿ P❛r ♠♦t♦r✳✺

✺❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✶✽ ❞❡ ❖❝t✉❜r❡ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥
❤tt♣✿✴✴✇✇✇✳♥✐tr♦②❧✐t✐♦✳❝♦♠✴✇❡❜✴✐♠❛❣❡s✴st♦r✐❡s✴❛rt✐❝✉❧♦s✴❞✐r❡❝❝✐♦♥❤❡❧✐✳❥♣❣
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P❛rt✐❡♥❞♦ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❘❡s✐st❡♥❝✐❛✿ ▲♦s ♣♦t❡♥❝✐ó♠❡tr♦s ❧✐♠✐t❛♥ ❡❧ ♣❛s♦ ❞❡ ❧❛
❝♦rr✐❡♥t❡ ❡❧é❝tr✐❝❛ ✭■♥t❡♥s✐❞❛❞✮ ♣r♦✈♦❝❛♥❞♦ ✉♥❛ ❝❛í❞❛ ❞❡ t❡♥s✐ó♥ ❡♥ ❡❧❧♦s ❛❧ ✐❣✉❛❧ q✉❡ ❡♥
✉♥❛ r❡s✐st❡♥❝✐❛✱ ♣❡r♦ ❡♥ ❡st❡ ❝❛s♦ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ❝♦rr✐❡♥t❡ ② ❧❛ t❡♥s✐ó♥ ❡♥ ❡❧ ♣♦t❡♥❝✐ó♠❡tr♦
❧❛s ♣♦❞❡♠♦s ✈❛r✐❛r s♦❧♦ ❝♦♥ ❝❛♠❜✐❛r ❡❧ ✈❛❧♦r ❞❡ s✉ r❡s✐st❡♥❝✐❛✳ ❊♥ ✉♥❛ r❡s✐st❡♥❝✐❛ ✜❥❛
❡st♦s ✈❛❧♦r❡s s❡rí❛♥ s✐❡♠♣r❡ ❧♦s ♠✐s♠♦s✳ ❊❧ ♣♦t❡♥❝✐ó♠❡tr♦ ♠ás s❡♥❝✐❧❧♦ ❡s ✉♥❛ r❡s✐st❡♥❝✐❛
✈❛r✐❛❜❧❡ ♠❡❝á♥✐❝❛♠❡♥t❡✳ ▲♦s ♣r✐♠❡r♦s ♣♦t❡♥❝✐ó♠❡tr♦s ② ♠ás s❡♥❝✐❧❧♦s s♦♥ ❧♦s r❡óst❛t♦s✳

❋✐❣✉r❛ ✺✿ ❘❡óst❛t♦ ♦ P♦t❡♥❝✐ó♠❡tr♦✳✻

❋í❥❡s❡ q✉❡ ❧❛ r❡s✐st❡♥❝✐❛ ❡s ❡❧ ❤✐❧♦ ❝♦♥❞✉❝t♦r ❡♥r♦❧❧❛❞♦✳ ❙❡ t✐❡♥❡♥ ✸ t❡r♠✐♥❛❧❡s ❆✱ ❇
② ❈ s✐ ❝♦♥❡❝t❛♥ ❧♦s t❡r♠✐♥❛❧❡s ❆ ② ❇ ❛❧ ❝✐r❝✉✐t♦✱ s❡rí❛ ✉♥❛ r❡s✐st❡♥❝✐❛ ✜❥❛ ❞❡❧ ✈❛❧♦r ✐❣✉❛❧
❛❧ ♠á①✐♠♦ ❞❡ ❧❛ r❡s✐st❡♥❝✐❛ q✉❡ ♣♦❞rí❛ t❡♥❡r ❡❧ r❡óst❛t♦✳ ❆❤♦r❛ ❜✐❡♥ s❡ ❝♦♥❡❝t❛♥ ❧♦s
t❡r♠✐♥❛❧❡s ❆ ② ❈ ❡❧ ✈❛❧♦r ❞❡ ❧❛ r❡s✐st❡♥❝✐❛ ❞❡♣❡♥❞❡rí❛ ❞❡ ❧❛ ♣♦s✐❝✐ó♥ ❞♦♥❞❡ ❡st✉✈✐❡r❛ ❡❧
t❡r♠✐♥❛❧ ❈✱ q✉❡ s❡ ♣✉❡❞❡ ❣✐r❛r ❡♥ ❝✉❛❧q✉✐❡r ❞✐r❡❝❝✐ó♥✳ ❊st❡ r❡óst❛t♦ ♦ ♣♦t❡♥❝✐ó♠❡tr♦ ❡s
✈❛r✐❛❜❧❡ ♠❡❝á♥✐❝❛♠❡♥t❡✳

▲❛ ❧❡② ❞❡ ✈❛r✐❛❝✐ó♥ ❞❡ ✉♥ r❡s✐st♦r ✈❛r✐❛❜❧❡ ❡s ❧❛ ❢✉♥❝✐ó♥ q✉❡ ❧✐❣❛ ❧❛ r❡s✐st❡♥❝✐❛ ❡♥tr❡
✉♥ t❡r♠✐♥❛❧ ✜❥♦ ② ❡❧ ❝✉rs♦r ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ♠❡❝á♥✐❝❛ q✉❡ ❞❡✜♥❡ ❧❛ ♣♦s✐❝✐ó♥ ❞❡❧
❝✉rs♦r β = β(θ)✱ ❡♥ ♣♦❝❛s ♣❛❧❛❜r❛s ❤❛❝❡ q✉❡ ❧❛ r❡s✐st❡♥❝✐❛ s❡❛ ♣r♦♣♦r❝✐♦♥❛❧ ❛❧ á♥❣✉❧♦
❞❡ ❣✐r♦ ❞❡❧ ♣♦t❡♥❝✐ó♠❡tr♦✳ ❉♦♥❞❡ θ ♣✉❡❞❡ s❡r✿ á♥❣✉❧♦✱ ❞✐st❛♥❝✐❛ ♦ ♥ú♠❡r♦ ❞❡ ✈✉❡❧t❛s ②
K ❡s ❧❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡t❡r♠✐♥❛ ❡❧ ✈❛❧♦r ❞❡❧ ♣♦t❡♥❝✐ó♠❡tr♦ ❧✐♥❡❛❧✳❬✽❪

β = kθ ▲✐♥❡❛❧

β = k log(θ) ▲♦❣❛rít♠✐❝❛

β = k eθ ❊①♣♦♥❡♥❝✐❛❧

❋✐❣✉r❛ ✻✿ ❈♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ♣♦t❡♥❝✐ó♠❡tr♦s✳✼

✻❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✶✽ ❞❡ ❆❣♦st♦ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥
❤tt♣✿✴✴✇✇✇✳❛r❡❛t❡❝♥♦❧♦❣✐❛✳❝♦♠✴❡❧❡❝tr♦♥✐❝❛✴✐♠❛❣❡♥❡s✴r❡♦st❛t♦✳❥♣❣

✼❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✶✽ ❞❡ ❆❣♦st♦ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥
❤tt♣✿✴✴✇✇✇✳✉✐❜✳❝❛t✴❞❡♣❛rt✴❞❢s✴●❚❊✴❡❞✉❝❛t✐♦♥✴✐♥❞✉str✐❛❧✴t❡❝❴❡❧❡❝tr♦♥✐❝❛✴t❡♦r✐❛✴r❡s✐st♦r❡s❴✈❛r✐❛❜❧❡s✳♣❞❢
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▼❛t❧❛❜ ❡s ✉♥ ♣r♦❣r❛♠❛ ❞❡ ❣r❛♥ ❛❝❡♣t❛❝✐ó♥ ❡♥ ✐♥❣❡♥✐❡rí❛ ❡♥ ❡❧ q✉❡ s❡ r❡❛❧✐③❛♥ ❝á❧❝✉❧♦s
té❝♥✐❝♦s ❝✐❡♥tí✜❝♦s ② ❞❡ ♣r♦♣ós✐t♦ ❣❡♥❡r❛❧✳ ❊♥ é❧ s❡ ✐♥t❡❣r❛♥ ♦♣❡r❛❝✐♦♥❡s ❞❡ ❝á❧❝✉❧♦✱
✈✐s✉❛❧✐③❛❝✐ó♥ ② ♣r♦❣r❛♠❛❝✐ó♥✱ ❞♦♥❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❝♦♥ ❡❧ ✉s✉❛r✐♦ ❡♠♣❧❡❛ ✉♥❛ ♥♦t❛❝✐ó♥
♠❛t❡♠át✐❝❛ ❝❧ás✐❝❛✳

▲♦s ✉s♦s ② ❛♣❧✐❝❛❝✐♦♥❡s tí♣✐❝♦s ❞❡ ▼❛t❧❛❜ s♦♥✿

· ▼❛t❡♠át✐❝❛s ② ❝á❧❝✉❧♦✳

· ❉❡s❛rr♦❧❧♦ ❞❡ ❛❧❣♦r✐t♠♦s✳

· ❆❞q✉✐s✐❝✐ó♥ ❞❡ ❞❛t♦s✳

· ▼♦❞❡❧❛❞♦✱ s✐♠✉❧❛❝✐ó♥ ② ♣r♦t♦t✐♣❛❞♦✳

· ❆♥á❧✐s✐s ② ♣r♦❝❡s❛❞♦ ❞❡ ❞❛t♦s✳

· ●rá✜❝♦s ❝✐❡♥tí✜❝♦s ② ❞❡ ✐♥❣❡♥✐❡rí❛✳

· ❉❡s❛rr♦❧❧♦ ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s✳

❊❧ t✐♣♦ ❜ás✐❝♦ ❞❡ ✈❛r✐❛❜❧❡ ❝♦♥ ❡❧ q✉❡ tr❛❜❛❥❛ ▼❛t❧❛❜ ❡s ✉♥❛ ♠❛tr✐③ q✉❡ ♥♦ r❡q✉✐❡r❡ s❡r
❞✐♠❡♥s✐♦♥❛❞❛ ♣r❡✈✐❛♠❡♥t❡ ❡♥ ❧❛ ❞❡❝❧❛r❛❝✐ó♥✳ ❯♥❛ ❞❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ♠ás ✐♥t❡r❡s❛♥t❡s
❝♦♥s✐st❡ ❡♥ q✉❡ ❡❧ á❧❣❡❜r❛ ✈❡❝t♦r✐❛❧ ② ♠❛tr✐❝✐❛❧ s❡ ❡①♣r❡s❛ ❝♦♥ ❧❛ ♠✐s♠❛ s✐♥t❛①✐s q✉❡ ❧❛s
♦♣❡r❛❝✐♦♥❡s ❛r✐t♠ét✐❝❛s ❡s❝❛❧❛r❡s✳

❙✐♠✉❧✐♥❦ ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ q✉❡ ♣❡r♠✐t❡ ❝♦♥str✉✐r ② s✐♠✉❧❛r ♠♦❞❡❧♦s ❞❡ s✐st❡♠❛s ❢ís✐❝♦s
② s✐st❡♠❛s ❞❡ ❝♦♥tr♦❧ ♠❡❞✐❛♥t❡ ❞✐❛❣r❛♠❛s ❞❡ ❜❧♦q✉❡s✳ ❊❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❞✐❝❤♦s
s✐st❡♠❛s s❡ ❞❡✜♥❡ ♠❡❞✐❛♥t❡ ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢❡r❡♥❝✐❛✱ ♦♣❡r❛❝✐♦♥❡s ♠❛t❡♠át✐❝❛s✱ ❡❧❡✲
♠❡♥t♦s ❞❡ ▼❛t❧❛❜ ② s❡ñ❛❧❡s ♣r❡❞❡✜♥✐❞❛s ❞❡ t♦❞♦ t✐♣♦✱ ❛❞❡♠ás ❞✐s♣♦♥❡ ❞❡ ✉♥❛ s❡r✐❡ ❞❡
✉t✐❧✐❞❛❞❡s q✉❡ ❢❛❝✐❧✐t❛♥ ❧❛ ✈✐s✉❛❧✐③❛❝✐ó♥✱ ❛♥á❧✐s✐s ② ❣✉❛r❞❛❞♦ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ s✐♠✉✲
❧❛❝✐ó♥✳ ▲❛ ❤❡rr❛♠✐❡♥t❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ s❡ ❡♠♣❧❡❛ ♣r♦❢✉s❛♠❡♥t❡ ❡♥ ✐♥❣❡♥✐❡rí❛ ❞❡ ❝♦♥tr♦❧
❬✾❪✳

✸✳✶✵✳ ❩■❊●▲❊❘ ✫ ◆■❈❍❖▲❙

❩✐❡❣❧❡r ② ◆✐❝❤♦❧s s✉❣✐r✐❡r♦♥ ❞♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ♣❛r❛ s✐♥t♦♥✐③❛r ❝♦♥tr♦❧❛❞♦r❡s P❧❉ ❜❛✲
sá♥❞♦s❡ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡♥ ❧❛ r❡s♣✉❡st❛ ❡①♣❡r✐♠❡♥t❛❧ ❛ ✉♥ ❡s❝❛❧ó♥ ❞❡ ❡♥tr❛❞❛✱ ♦ ❡♥ ❜❛s❡
❛❧ ✈❛❧♦r ❞❡ Kp q✉❡ ♣r♦❞✉❝❡ ✉♥❛ ❡st❛❜✐❧✐❞❛❞ ♠❛r❣✐♥❛❧ ♠❡❞✐❛♥t❡ ❡❧ só❧♦ ✉s♦ ❞❡ ❧❛ ❛❝❝✐ó♥
❞❡ ❝♦♥tr♦❧ ♣r♦♣♦r❝✐♦♥❛❧✳ ▲♦s ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡ ❩✐❡❣❧❡r✲◆✐❝❤♦❧s s♦♥ ♠✉② ❝♦♥✈❡♥✐❡♥t❡s
❝✉❛♥❞♦ ♥♦ s❡ ❝♦♥♦❝❡ ✉♥ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❞❡ ❧❛ ♣❧❛♥t❛❀ ♥❛t✉r❛❧♠❡♥t❡✱ ❡st♦s ♣r♦❝❡✲
❞✐♠✐❡♥t♦s t❛♠❜✐é♥ s❡ ♣✉❡❞❡♥ ❛♣❧✐❝❛r ❛❧ ❞✐s❡ñ♦ ❞❡ s✐st❡♠❛s ❝♦♥ ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s
❝♦♥♦❝✐❞♦s✳✽

✽❋✉❡♥t❡✿ P❛r❛ ♠❛②♦r ♣r♦❢✉♥❞✐③❛❝✐ó♥ r❡♠✐t❛s❡ ❖●❆❚❆✱❑❛ts✉❤✐❦♦✳ ■♥❣❡♥✐❡rí❛ ❞❡ ❝♦♥tr♦❧ ♠♦❞❡r♥❛✳
❚❡r❝❡r❛ ❡❞✐❝✐ó♥✳ ▼é①✐❝♦✿ ❊❞✐t♦r✐❛❧ P❡❛rs♦♥✱ ✶✾✾✽✳

✷✷



✸✳✶✶✳ ❙■❙❚❊▼❆ ❉❊ ❈❖◆❚❘❖▲ ❙■❙❖

❯♥ s✐st❡♠❛ ❞✐♥á♠✐❝♦ ♣✉❡❞❡ ❞❡✜♥✐rs❡ ❝♦♥❝❡♣t✉❛❧♠❡♥t❡ ❝♦♠♦ ✉♥ ♦❜❥❡t♦ q✉❡ r❡❝✐❜❡ ✉♥❛s
❛❝❝✐♦♥❡s ❡①t❡r♥❛s ♦ ✈❛r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛✱ ② ❝✉②❛ r❡s♣✉❡st❛ ❛ ❡st❛s ❛❝❝✐♦♥❡s ❡①t❡r♥❛s
s♦♥ ❧❛s ❞❡♥♦♠✐♥❛❞❛s ✈❛r✐❛❜❧❡s ❞❡ s❛❧✐❞❛✳ ▲❛s ❛❝❝✐♦♥❡s ❡①t❡r♥❛s ❛❧ s✐st❡♠❛ s❡ ❞✐✈✐❞❡♥ ❡♥
❞♦s ❣r✉♣♦s❀ ✈❛r✐❛❜❧❡s ❞❡ ❝♦♥tr♦❧ q✉❡ s❡ ♣✉❡❞❡♥ ♠❛♥✐♣✉❧❛r ② ♣❡rt✉r❜❛❝✐♦♥❡s s♦❜r❡ ❧❛s
q✉❡ ♥♦ ❡s ♣♦s✐❜❧❡ ♥✐♥❣ú♥ t✐♣♦ ❞❡ ❝♦♥tr♦❧✳ ▲❛ ❋✐❣✉r❛ ✼ ✐❧✉str❛ ❞❡ ✉♥ ♠♦❞♦ ❝♦♥❝❡♣t✉❛❧ ❡❧
❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡ ✉♥ s✐st❡♠❛✳

❋✐❣✉r❛ ✼✿ ❙✐st❡♠❛ s✐♥ ❝♦♥tr♦❧✳ ✾

❉❡♥tr♦ ❞❡❧ ❡sq✉❡♠❛ s❡ ❡♥❝✉❡♥tr❛ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧✱ ❡❧ ❝✉❛❧ s❡ ❝❛r❛❝t❡r✐③❛
♣♦r ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ✉♥❛ s❡r✐❡ ❞❡ ❡❧❡♠❡♥t♦s q✉❡ ♣❡r♠✐t❡♥ ✐♥✢✉✐r ❡♥ ❡❧ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡
❧❛ ♣❧❛♥t❛✳ ▲❛ ✜♥❛❧✐❞❛❞ ❞❡ ✉♥ ❝♦♥tr♦❧❛❞♦r ❡s ❝♦♥s❡❣✉✐r ♠❡❞✐❛♥t❡ ❧❛ ♠❛♥✐♣✉❧❛❝✐ó♥ ❞❡ ❧❛s
✈❛r✐❛❜❧❡s ❞❡ ❝♦♥tr♦❧✱ ✉♥ ♠❛♥❞♦ s♦❜r❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ s❛❧✐❞❛✱ ❞❡ ♠♦❞♦ q✉❡ ést❛s ❛❧❝❛♥✲
❝❡♥ ✉♥♦s ✈❛❧♦r❡s ❞❡ r❡❢❡r❡♥❝✐❛ ❞❡s❡❛❞♦s✳ ❯♥ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧ ✐❞❡❛❧ ❞❡❜❡ s❡r ❝❛♣❛③ ❞❡
❝♦♥s❡❣✉✐r s✉ ♦❜❥❡t✐✈♦ ❝✉♠♣❧✐❡♥❞♦ ❧❛s s✐❣✉✐❡♥t❡s ♥❡❝❡s✐❞❛❞❡s✿

✶✳ ●❛r❛♥t✐③❛r ❧❛ ❡st❛❜✐❧✐❞❛❞ ② ♣❛rt✐❝✉❧❛r♠❡♥t❡✱ s❡r r♦❜✉st♦ ❢r❡♥t❡ ❛ ♣❡rt✉r❜❛❝✐♦♥❡s
② ❡rr♦r❡s ❡♥ ❧♦s ♠♦❞❡❧♦s✳

✷✳ ❙❡r ❧♦ ♠ás ❡✜❝✐❡♥t❡ ♣♦s✐❜❧❡✱ ❧♦ ❝✉❛❧ ❝♦♥s✐st❡ ❡♥ q✉❡ ❧❛ ❛❝❝✐ó♥ ❞❡ ❝♦♥tr♦❧ s♦❜r❡ ❧❛s
✈❛r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛ s❡❛ ♦♣❡r❛❜❧❡✱ ❡✈✐t❛♥❞♦ ❝♦♠♣♦rt❛♠✐❡♥t♦s ❜r✉s❝♦s ❡ ✐rr❡❛❧❡s✳

❋✐❣✉r❛ ✽✿ ❙✐st❡♠❛ ❞❡ ❝♦♥tr♦❧✳✶✵

✾❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✸ ❞❡ ❆❣♦st♦ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥ ❤tt♣✿✴✴t❤❡❝♦♥tr♦❧❡♥❣✐♥❡❡r✲
❡♣✳✇✐❦✐s♣❛❝❡s✳❝♦♠✴❈♦♥tr♦❧✲❙✐st❡♠❛s✲❱❛r✐❛❜❧❡s

✶✵❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✸ ❞❡ ❆❣♦st♦ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥ ❤tt♣✿✴✴t❤❡❝♦♥tr♦❧❡♥❣✐♥❡❡r✲
❡♣✳✇✐❦✐s♣❛❝❡s✳❝♦♠✴❈♦♥tr♦❧✲❙✐st❡♠❛s✲❱❛r✐❛❜❧❡s

✷✸



❊♥ ❧❛ ❋✐❣✉r❛ ✽ s❡ ♦❜s❡r✈❛ ❡❧ ❡sq✉❡♠❛ ❞❡ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧
❬✷✾❪✱ q✉❡ ❡stá ❝♦♠♣✉❡st♦ ♣♦r✿

❙❡♥s♦r❡s✿ P❡r♠✐t❡♥ ❝♦♥♦❝❡r ❡❧ ♣♦s✐❝✐♦♥❛♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ❝♦♥ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛s ✈❛✲
r✐❛❜❧❡s✳

❈♦♥tr♦❧❛❞♦r✿ ❯t✐❧✐③❛♥❞♦ ❧♦s ✈❛❧♦r❡s ❞❡t❡r♠✐♥❛❞♦s ♣♦r ❧♦s s❡♥s♦r❡s ② ❧❛ ❝♦♥s✐❣♥❛ ♦ r❡✲
❢❡r❡♥❝✐❛ ✐♠♣✉❡st❛✱ ❝❛❧❝✉❧❛ ❧❛ ❛❝❝✐ó♥ q✉❡ ❞❡❜❡ ❛♣❧✐❝❛rs❡ ♣❛r❛ ♠♦❞✐✜❝❛r ❧❛s ✈❛r✐❛❜❧❡s
❞❡ ❝♦♥tr♦❧ ❡♥ ❜❛s❡ ❛ ❝✐❡rt❛ ❡str❛t❡❣✐❛✳

❆❝t✉❛❞♦r✿ ❊s ❡❧ ♠❡❝❛♥✐s♠♦ q✉❡ ❡❥❡❝✉t❛ ❧❛ ❛❝❝✐ó♥ ❝❛❧❝✉❧❛❞❛ ♣♦r ❡❧ ❝♦♥tr♦❧❛❞♦r ② q✉❡
♠♦❞✐✜❝❛ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❝♦♥tr♦❧✳

✸✳✶✶✳✶✳ ●❛♥❛❝✐❛ ♣r♦♣♦r❝✐♦♥❛❧

❊❧ tér♠✐♥♦ ♣r♦♣♦r❝✐♦♥❛❧ ♣r♦❞✉❝❡ ✉♥ ✈❛❧♦r ❞❡ s❛❧✐❞❛ q✉❡ ❡s ♣r♦♣♦r❝✐♦♥❛❧ ❛❧ ✈❛❧♦r ❛❝t✉❛❧
❞❡❧ ❡rr♦r✳ ▲❛ r❡s♣✉❡st❛ ♣r♦♣♦r❝✐♦♥❛❧ s❡ ♣✉❡❞❡ ❛❥✉st❛r ♠✉❧t✐♣❧✐❝❛♥❞♦ ❡❧ ❡rr♦r ♣♦r ✉♥❛
❝♦♥st❛♥t❡ KP ✱ ❧❧❛♠❛❞❛ ❧❛ ❣❛♥❛♥❝✐❛ ♣r♦♣♦r❝✐♦♥❛❧✳

❙✐ ❧❛ ❣❛♥❛♥❝✐❛ ♣r♦♣♦r❝✐♦♥❛❧ ❡s ❞❡♠❛s✐❛❞♦ ❛❧t❛✱ ❡❧ s✐st❡♠❛ ♣✉❡❞❡ ❧❧❡❣❛r ❛ s❡r ✐♥❡st❛❜❧❡✳ ❙✐
❧❛ ❣❛♥❛♥❝✐❛ ♣r♦♣♦r❝✐♦♥❛❧ ❡s ❞❡♠❛s✐❛❞♦ ❜❛❥❛✱ ❧❛ ❛❝❝✐ó♥ ❞❡ ❝♦♥tr♦❧ ♣✉❡❞❡ s❡r ❞❡♠❛s✐❛❞♦
♣❡q✉❡ñ❛ ❛❧ r❡s♣♦♥❞❡r ❛ ❧❛s ♣❡rt✉r❜❛❝✐♦♥❡s ❞❡❧ s✐st❡♠❛✳ ▲❛ t❡♦rí❛ ② ❧❛ ♣rá❝t✐❝❛ ❞❡ ♦♣t✐✲
♠✐③❛❝✐ó♥ ✐♥❞✉str✐❛❧ ✐♥❞✐❝❛♥ q✉❡ ❡❧ tér♠✐♥♦ ♣r♦♣♦r❝✐♦♥❛❧ ❞❡❜❡ ❝♦♥tr✐❜✉✐r ❧❛ ♠❛②♦r ♣❛rt❡
❞❡❧ ❝❛♠❜✐♦ ❡♥ ❧❛ s❛❧✐❞❛ ❬✶✶❪✳

✸✳✶✶✳✷✳ ●❛♥❛❝✐❛ ✐♥t❡❣r❛❧

▲❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡❧ tér♠✐♥♦ ✐♥t❡❣r❛❧ ❡s ♣r♦♣♦r❝✐♦♥❛❧ t❛♥t♦ ❛ ❧❛ ♠❛❣♥✐t✉❞ ❞❡❧ ❡rr♦r ② ❧❛
❞✉r❛❝✐ó♥ ❞❡❧ ❡rr♦r✳ ▲❛ ✐♥t❡❣r❛❧ ❡♥ ✉♥ ❝♦♥tr♦❧❛❞♦r P■❉ ❡s ❧❛ s✉♠❛ ❞❡❧ ❡rr♦r ✐♥st❛♥tá♥❡♦
❡♥ ❡❧ t✐❡♠♣♦ ② ❞❛ ❡❧ ❛❝✉♠✉❧❛❞♦ ❞❡s♣❧❛③❛♠✐❡♥t♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ q✉❡ s❡ ❤❛ ❝♦rr❡❣✐❞♦
♣r❡✈✐❛♠❡♥t❡✳ ❊❧ ❡rr♦r ❛❝✉♠✉❧❛❞♦ s❡ ♠✉❧t✐♣❧✐❝❛ ❡♥t♦♥❝❡s ♣♦r ❧❛ ❣❛♥❛♥❝✐❛ ✐♥t❡❣r❛❧ ② s❡
❛ñ❛❞❡ ❛ ❧❛ s❛❧✐❞❛ ❞❡❧ ❝♦♥tr♦❧❛❞♦r✳

❊❧ tér♠✐♥♦ ✐♥t❡❣r❛❧ ❛❝❡❧❡r❛ ❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ ♣r♦❝❡s♦ ❤❛❝✐❛ ❡❧ ♣✉♥t♦ ❞❡ ❛❥✉st❡ ② ❡❧✐♠✐♥❛
❡❧ ❡rr♦r ❞❡ ❡st❛❞♦ ❡st❛❝✐♦♥❛r✐♦ r❡s✐❞✉❛❧ q✉❡ s❡ ♣r♦❞✉❝❡ ❝♦♥ ✉♥ ❝♦♥tr♦❧❛❞♦r ♣r♦♣♦r❝✐♦♥❛❧
♣✉r♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❞❛❞♦ q✉❡ ❡❧ tér♠✐♥♦ ✐♥t❡❣r❛❧ r❡s♣♦♥❞❡ ❛ ❧♦s ❡rr♦r❡s ❛❝✉♠✉❧❛❞♦s ❡♥
❡❧ ♣❛s❛❞♦✱ ♣✉❡❞❡ ♣r♦✈♦❝❛r q✉❡ ❡❧ ✈❛❧♦r ❛❝t✉❛❧ ❛ r❡❜❛s❛r ❡❧ ✈❛❧♦r ❞❡s❡❛❞♦ ❬✶✶❪✳

✸✳✶✶✳✸✳ ●❛♥❛❝✐❛ ❞❡r✐✈❛t✐✈❛

▲❛ ❞❡r✐✈❛❞❛ ❞❡❧ ❡rr♦r ❞❡ ♣r♦❝❡s♦ s❡ ❝❛❧❝✉❧❛ ♠❡❞✐❛♥t❡ ❧❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ❞❡ ❧❛ ♣❡♥❞✐❡♥t❡
❞❡❧ ❡rr♦r ❡♥ ❡❧ t✐❡♠♣♦ ② ♠✉❧t✐♣❧✐❝❛♥❞♦ ést❛ t❛s❛ ❞❡ ❝❛♠❜✐♦ ♣♦r ❧❛ ❣❛♥❛♥❝✐❛ ❞❡r✐✈❛❞❛✳
▲❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❝♦♥tr✐❜✉❝✐ó♥ ❞❡❧ tér♠✐♥♦ ❞❡r✐✈❛❞♦ ❞❡ ❧❛ ❛❝❝✐ó♥ ❞❡ ❝♦♥tr♦❧ ❡♥ ❣❡♥❡r❛❧
s❡ ❞❡♥♦♠✐♥❛ ❧❛ ❣❛♥❛♥❝✐❛ ❞❡r✐✈❛t✐✈❛✳

✷✹



▲❛ ❛❝❝✐ó♥ ❞❡r✐✈❛t✐✈❛ ♣r❡❞✐❝❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ② ♣♦r ❧♦ t❛♥t♦ ♠❡❥♦r❛ ❡❧
t✐❡♠♣♦ ② ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡❧ s✐st❡♠❛ ❞❡ s❡❞✐♠❡♥t❛❝✐ó♥ ❬✶✶❪✳

✸✳✶✷✳ ❙■❙❚❊▼❆❉❊ ❈❖◆❚❘❖▲▼■▼❖ ❈❘❖❙❙✲❈❖◆❚❘❖▲ P❖❘
❉❊❙❆❈❖P▲❊

❊♥ ❝♦♥tr♦❧ ❞❡ ♣r♦❝❡s♦s ✐♥❞✉str✐❛❧❡s ❡s ❤❛❜✐t✉❛❧ ❡♥❝♦♥tr❛rs❡ ❝♦♥ s✐st❡♠❛s ❝♦♥ ✈❛r✐❛s ❡♥✲
tr❛❞❛s ② s❛❧✐❞❛s✱ s✐❡♥❞♦ ❡❧ ❝❛s♦ ✷①✷ ❡❧ ♠ás tr❛t❛❞♦ ❡♥ ❧❛ ❜✐❜❧✐♦❣r❛❢í❛ ✭❱á③q✉❡③✱ ✷✵✵✷✱
❲❛♥❣ ✫ ❍✉❛♥❣✱ ✷✵✵✵✱ ❲❛♥❣✱ ✷✵✵✸✮✱ ❜✐❡♥ ♣♦rq✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ♣r♦❝❡s♦s tí♣✐❝♦s r❡❛❧❡s✱
❜✐❡♥ ♣♦rq✉❡ ❡❧ ♣r♦❝❡s♦ ❤❛ s✐❞♦ ❞❡s❝♦♠♣✉❡st♦ ❡♥ ❜❧♦q✉❡s ❞❡ ❡st❡ t❛♠❛ñ♦ ✭❱á③q✉❡③ ❡t
❛❧✳✶✾✾✾✱ ▼♦r✐❧❧❛ ✫ ❱á③q✉❡③✳ ✷✵✵✷✮✳ ❊♥ ❧❛ ✜❣✉r❛s ✹ ② ✺ s❡ ♠✉❡str❛ ✉♥❛ ❞❡ ❧❛s ♣♦s✐❜❧❡s
❡str❛t❡❣✐❛s✱ ❡❧ ❝♦♥tr♦❧ ❝❡♥tr❛❧✐③❛❞♦✱ ❜❛❥♦ ❞♦s ❡♥❢♦q✉❡s ❞✐❢❡r❡♥t❡s✿ ❡❧ ♣r✐♠❡r♦ ❞❡ ❡❧❧♦s
❝♦♠❜✐♥❛ ✉♥❛ r❡❞ ❞❡ ❞❡s❛❝♦♣❧♦✱ ❢♦r♠❛❞❛ ♣♦r ❧♦s ❝✉❛tr♦ ❡❧❡♠❡♥t♦s ❉✐❥✭s✮✱ ❝♦♥ ✉♥ ❝♦♥tr♦✲
❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦✱ ❝♦♠♣✉❡st♦ ♣♦r ❧♦s ❞♦s ❡❧❡♠❡♥t♦s ❑✐✭s✮✱ ② ❡❧ s❡❣✉♥❞♦ ✉t✐❧✐③❛ ✉♥❛
r❡❞ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s✱ ❢♦r♠❛❞❛ ♣♦r ❧♦s ❝✉❛tr♦ ❡❧❡♠❡♥t♦s ❑✐❥✭s✮✱ ❝♦♥ ✜❧♦s♦❢í❛ ♣✉r❛♠❡♥t❡
❝❡♥tr❛❧✐③❛❞❛ ❬✶✷❪✳

❋✐❣✉r❛ ✾✿ ❆❧❣❡❜r❛ ❞❡ ❜❧♦q✉❡s ❝♦♥tr♦❧ ▼■▼❖✳✶✶

✸✳✶✸✳ ❊❙P❆❈■❖ ❉❊ ❊❙❚❆❉❖❙

▲❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❡♥ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦✱ t❛♠❜✐é♥ ❝♦♥♦❝✐❞❛ ❝♦♠♦ r❡♣r❡s❡♥t❛❝✐ó♥ ✐♥t❡r♥❛✱
❢✉❡ ✉t✐❧✐③❛❞❛ ❡♥ ♦tr❛s ❞✐s❝✐♣❧✐♥❛s ❝♦♠♦ ❧❛ ♠❡❝á♥✐❝❛ ♦ t❡r♠♦❞✐♥á♠✐❝❛ ❞❡s❞❡ ❤❛❝❡ ❧❛r❣♦
t✐❡♠♣♦✳ ❊❧ ❡st❛❞♦ ❞✐♥á♠✐❝♦ ❞❡ ✉♥ s✐st❡♠❛ ♣✉❡❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♥ ❝♦♥❥✉♥t♦ ❞❡
✈❛r✐❛❜❧❡s ❞❡♥♦♠✐♥❛❞❛s ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦✳ ❊st❡ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐❛❜❧❡s ❝❛r❛❝t❡r✐③❛ ❝♦♠✲
♣❧❡t❛♠❡♥t❡ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❞✐♥á♠✐❝❛ ❛❝t✉❛❧ ❞❡❧ s✐st❡♠❛✳ P❛r❛ ❡st♦ s❡ r❡q✉✐❡r❡ ❞❡ ✉♥
♥ú♠❡r♦ ♠í♥✐♠♦ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦ ♥❡❝❡s❛r✐❛s ② s✉✜❝✐❡♥t❡s q✉❡ ♣❡r♠✐t❡♥ ❧❛ ❞❡s❝r✐♣✲
❝✐ó♥ ❞✐♥á♠✐❝❛ ❞❡❧ s✐st❡♠❛✳

✶✶❋✉❡♥t❡✿ ❖❙P■◆❆ ❆▲❆❘❈Ó◆✱ ▼❛♥✉❡❧✳ ❉✐s❡ñ♦ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧ ♠✉❧t✐✈❛r✐❛❜❧❡ ♣❛r❛ ✉♥
❝✐r❝✉✐t♦ ❞❡ ♠♦❧✐❡♥❞❛ ❡♥ ❤ú♠❡❞♦✳ ▼❡❞❡❧❧í♥✿ ✷✵✵✾✳
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❊♥ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ♣♦r ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦s ❞❡ ✉♥ s✐st❡♠❛ ❧✐♥❡❛❧✱ ❝♦♥ ♠❛tr✐❝❡s ❆✱
❇✱ ❈ ② ❉✱ ❧❛s ♠❛tr✐❝❡s ❆ ② ❈ ❞❡s❝r✐❜❡♥ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♥♦✲❢♦r③❛❞♦ ❞❡❧ s✐st❡♠❛ ✭♦
❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛ ❡♥tr❛❞❛✲❝❡r♦✮✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ♠❛tr✐③ ❇ ❝❛r❛❝t❡r✐③❛ ❡❧ ❡❢❡❝t♦ ❞❡ ❧❛
❡♥tr❛❞❛ ✭♦ ❡❧ ❝♦♥tr♦❧✮ s♦❜r❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ s✐st❡♠❛✳ ▲❛ ♠❛tr✐③ ❉ r❡♣r❡s❡♥t❛ ❧❛ tr❛♥s✲
♠✐s✐ó♥ ❞✐r❡❝t❛ ❞❡ ❧❛ ❡♥tr❛❞❛ ❛ ❧❛ s❛❧✐❞❛✳❬✶✸❪✳

▲♦s s✐st❡♠❛s ❛✉t♦♠át✐❝♦s ♠♦❞❡r♥♦s✱ ❛ ♣❛rt✐r ❞❡ ❧♦s ❝✉❛❧❡s s❡ ❞❡s❛rr♦❧❧ó ❧❛ r❡♣r❡s❡♥✲
t❛❝✐ó♥ ❞❡ ❡st❛❞♦ ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ ♣r♦❝❡s♦s✱ ❛♣❛r❡❝❡♥ ❡♥ ❧♦s ❛ñ♦s ✻✵ ♣❛r❛ ♣❡r♠✐t✐r ❡❧
❝♦♥tr♦❧ ❞❡ s✐st❡♠❛s ❝♦♠♣❧❡❥♦s t❛❧❡s ❝♦♠♦ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❡s♣❛❝✐❛❧❡s ❆♣♦❧♦ ② P♦❧❛r✐s✱ ❧❛s
❝✉❛❧❡s t✐❡♥❡♥ ♠ú❧t✐♣❧❡s ❡♥tr❛❞❛s ② s❛❧✐❞❛s ✭▼■▼❖✮✱ ② ❝r✐t❡r✐♦s ❞❡ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❝❛❞❛
✈❡③ ♠ás s❡✈❡r♦s✳ ❊❧ ✉s♦ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦ ♣❛r❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ s✐st❡♠❛s ❞❡ ❝♦♥tr♦❧
♣r♦✈✐❡♥❡ ❞❡ ❧❛ ❝❛♣❛❝✐❞❛❞ q✉❡ t✐❡♥❡ ❡st❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ r❡♣r❡s❡♥t❛r s✐st❡♠❛s ♠✉❧t✐✈❛✲
r✐❛❜❧❡s ❝♦♠♣❧❡❥♦s✳ ❙✉ ❞❡s❛rr♦❧❧♦ ② ❛♣❧✐❝❛❝✐ó♥ ❝r❡❝❡ ❧✉❡❣♦ ❝♦♥ ❡❧ ✉s♦ ❞❡ ❧♦s ❝♦♠♣✉t❛❞♦r❡s
❬✶✶❪✳

❊❧ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦ ♥♦ ❡s ú♥✐❝♦✱ ♣❡r♦ ❞❡❜❡ ❡st❛r ❝♦♥❢♦r♠❛❞♦ ♣❛r❛ ❝❛❞❛
s✐st❡♠❛ ♣♦r ✉♥ ♥ú♠❡r♦ ✐❞é♥t✐❝♦ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦ ✐♥❞❡♣❡♥❞✐❡♥t❡s✱ ❡st♦ s✐❣♥✐✜❝❛
q✉❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❡st❛s ✈❛r✐❛❜❧❡s✱ ❛sí ❝♦♠♦ ❞❡ s✉s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✱ ❝♦♥st✐t✉②❡ ✉♥
❝♦♥❥✉♥t♦ q✉❡ s❡ ♣✉❡❞❡ ✜❥❛r ❞❡ ❢♦r♠❛ ❛r❜✐tr❛r✐❛✳

❊❧ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞❡❧ s✐st❡♠❛ ❝♦♥st✐t✉②❡ s✉ ♠❡♠♦r✐❛✿ ❞❛❞♦ ✉♥ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❛ ✉♥ ✐♥st❛♥t❡
❞❛❞♦ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡❧ ♣❛s❛❞♦ ♥♦ ♣❡r♠✐t❡ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡❧ ❢✉t✉r♦ ❞❡❧ s✐st❡♠❛✱ s❡
r❡q✉✐r✐ó ♣♦r ❧♦ t❛♥t♦ ❞❡ ✉♥❛s ❢✉♥❝✐♦♥❡s ✭❡❝✉❛❝✐♦♥❡s ❞❡ ❡st❛❞♦✮ q✉❡ ♣❡r♠✐t❡♥ ❧❛ ♣r❡❞✐❝❝✐ó♥
❞❡❧ ❢✉t✉r♦✱ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♠ú♥♠❡♥t❡ ✉t✐❧✐③❛❞❛s s♦♥ ❧❛s r❡s✉❧t❛♥t❡s ❞❡ ✉♥❛ ✐♥t❡❣r❛❝✐ó♥✳

✸✳✶✹✳ ❈❖◆❚❘❖▲❆❇■▲■❉❆❉

❙❡❣✉♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ Ẋ = AX +BU ❝♦♥ ❧❛s ♠❛tr✐❝❡s ❝♦♥st❛♥t❡s A ∈ R ❨ B ∈ R✳
▲❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ r❡❧❛❝✐♦♥❛ ❧❛s ❡♥tr❛❞❛s ② ❡st❛❞♦s ❞❡❧ s✐st❡♠❛✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ s❛❧✐❞❛
❡s ✐rr❡❧❡✈❛♥t❡✳ ▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ♠❡♥❝✐♦♥❛❞❛✱ ♦ ❡❧ ♣❛r ✭❆✱❇✮✱ s❡ ❞✐❝❡ ❝♦♥tr♦❧❛❜❧❡
s✐ ♣❛r❛ ❝✉❛❧q✉✐❡r ❡st❛❞♦ ✐♥✐❝✐❛❧ x(0) = x0 ∈ R

n ② ❝✉❛❧q✉✐❡r ❡st❛❞♦ ✜♥❛❧ x1 ∈ R
n✱❡①✐st❡

✉♥❛ ❡♥tr❛❞❛ q✉❡ tr❛♥s✜❡r❛ ❡❧ ❡st❛❞♦ x ❞❡ x0 a x1 ❡♥ t✐❡♠♣♦ ✜♥✐t♦✳❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦✱ ❧❛
❡❝✉❛❝✐♦♥ ❞❡ ❡st❛❞♦✱ ♦ ❡❧ ♣❛r (A,B)✱ s❡ ❞✐❝❡ ♥♦ ❝♦♥tr♦❧❛❜❧❡✳
▲❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ t✐❡♥❡ q✉❡ ✈❡r ❝♦♥ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❧❧❡✈❛r ❛❧ s✐st❡♠❛ ❞❡ ❝✉❛❧q✉✐❡r
❡st❛❞♦ ✐♥✐❝✐❛❧ ❛❧ ❝✉❛❧q✉✐❡r ❡st❛❞♦ ✜♥❛❧ ❡♥ t✐❡♠♣♦ ✜♥✐t♦✱ ♥♦ ✐♠♣♦rt❛♥❞♦ q✉é tr❛②❡❝t♦r✐❛
s❡ s✐❣❛✱ ♦ q✉é ❡♥tr❛❞❛ s❡ ✉s❡✳✶✷

✶✷❋✉❡♥t❡✿ P❛r❛ ♠❛②♦r ♣r♦❢✉♥❞✐③❛❝✐ó♥ r❡♠✐t❛s❡ ❉■❆❩✱ ❍❡r♥❛♥❞♦✳ ❋✉♥❞❛♠❡♥t♦s ❞❡ ❝♦♥tr♦❧✳ ❉✐s❡ñ♦
❝♦♥ ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦✳ ♣✳ ✶✶✼✲✶✹✻✳
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✸✳✶✺✳ ❖❇❙❊❘❱❆▲❇■▲■❉❆❉

❊❧ ❝♦♥❝❡♣t♦ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞ ❡s ❞✉❛❧ ❛❧ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞✱ ❡ ✐♥✈❡st✐❣❛ ❧❛ ♣♦s✐❜✐❧✐❞❛❞
❞❡ ❡st✐♠❛r ❡❧ ❡st❛❞♦ ❞❡❧ s✐st❡♠❛ ❛ ♣❛rt✐r ❞❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧❛ s❛❧✐❞❛✳ ❈♦♥s✐❞❡r❛♠♦s
❡❧ s✐st❡♠❛ ❧✐♥❡❛❧ ❡st❛❝✐♦♥❛r✐♦✳

Ẋ = AX +BU y = CX +DU

♣❛r❛
A ∈ R

nxn, B ∈ R
nxp, C ∈ R

qxn, D ∈ R
qxp.

❞♦♥❞❡✿
x(t)✿ ✈❡❝t♦r ❞❡ ❡st❛❞♦ ✭✈❡❝t♦r ❞❡ ❞✐♠❡♥s✐ó♥ ♥✮
u(t)✿ ✈❡❝t♦r ❞❡ ❝♦♥tr♦❧ ✭✈❡❝t♦r ❞❡ ❞✐♠❡♥s✐ó♥ ♣✮
y(t)✿ ✈❡❝t♦r ❞❡ s❛❧✐❞❛ ✭✈❡❝t♦r ❞❡ ❞✐♠❡♥s✐ó♥ q✮
A✿ ♠❛tr✐③ ❞❡ nxn✳
B✿ ♠❛tr✐③ ❞❡ nxp✳
C✿ ♠❛tr✐③ ❞❡ qxn✳
D✿ ♠❛tr✐③ ❞❡ qxp✳

❊s ♦❜s❡r✈❛❜❧❡ s✐ ♣❛r❛ ❝✉❛❧q✉✐❡r ❡st❛❞♦ ✐♥✐❝✐❛❧ x(0) ✭❞❡s❝♦♥♦❝✐❞♦✮✱ ❡①✐st❡ ✉♥ t✐❡♠♣♦
✜♥✐t♦ t1 t❛❧ q✉❡ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧❛ ❡♥tr❛❞❛ ✉ ② ❧❛ s❛❧✐❞❛ ② s♦❜r❡ ❡❧ ✐♥t❡r✈❛❧♦ [0, t1]
❡s s✉✜❝✐❡♥t❡ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❡♥ ❢♦r♠❛ ✉♥✐❝❛ ❡❧ ❡st❛❞♦ ✐♥✐❝✐❛❧ x(0)✳ ❊♥ ❝❛s♦ ❝♦♥tr❛r✐♦ ❡❧
s✐st❡♠❛ ❡s ♥♦ ♦❜s❡r✈❛❜❧❡✳✶✸

✸✳✶✻✳ ❈❖◆❚❘❖▲ P❖❘ ❘❊❚❚❘❖❆▲■▼❊◆❚❆❈■Ó◆❉❊ ❱❆❘■❆✲
❇▲❊❙ ❉❊ ❊❙❚❆❉❖ ✭✏❘❱❊✑✮

▲❛ Pr✐♥❝✐♣❛❧ ❝♦♥✜❣✉r❛❝✐ó♥ ❞❡ ❝♦♥tr♦❧✱ ❜❛s❛❞❛ ❡♥ ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦✱ ✉t✐❧✐③❛ ✉♥❛ s❡ñ❛❧
❞❡ ❝♦♥tr♦❧ ❞❡ ❧❛ ❢♦r♠❛

u(t) = r(t)−Gx(t) ✭✸✳✶✮

❞♦♥❞❡ G ❡s ✉♥❛ ♠❛tr✐③ ❞❡ ❣❛♥❛♥❝✐❛ ❞❡ ❞✐♠❡♥s✐ó♥ mxn✳ ❡st❛ ❝♦♥✜❣✉r❛❝✐ó♥ s❡ ❧❧❛♠❛
✏❘❡❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦✑ ❘❱❊✑✳ ❯s❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡st❛❞♦ ✸✳✷ ②
r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✸✳✶

Ẋ = AX(t) + BU(t) ✭✸✳✷✮

= AX(t) + B(r(t)−Gx(t))

= (A− BG)x(t) + Br(t)

= ALCx(t) + Br(t)

✶✸❋✉❡♥t❡✿ P❛r❛ ♠❛②♦r ♣r♦❢✉♥❞✐③❛❝✐ó♥ r❡♠✐t❛s❡ ❉■❆❩✱ ❍❡r♥❛♥❞♦✳ ❋✉♥❞❛♠❡♥t♦s ❞❡ ❝♦♥tr♦❧✳ ❉✐s❡ñ♦
❝♦♥ ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦✳ ♣✳ ✶✶✼✲✶✹✻✳
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❞♦♥❞❡ ALC = A− BG ❡s ❧❛ ♠❛tr✐③ ❞❡ ❡st❛❞♦ ❞❡ ❧❛③♦ ❝❡rr❛❞♦✳

P✉❡st♦ q✉❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ s✐st❡♠❛ ❞❡♣❡♥❞❡ ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ❞❡ ❧❛ ♠❛tr✐③ ❞❡ ❡s✲
t❛❞♦✱ s❡ ♦❜s❡r✈❛ ❡♥ ❡st❛ ❡❝✉❛❝✐ó♥ q✉❡ ❡s ♣♦s✐❜❧❡ ❝❛♠❜✐❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛
✉s❛♥❞♦ ❡st❛ ❧❡② ❞❡ ❝♦♥tr♦❧✳✶✹

✸✳✶✼✳ ❖❇❙❊❘❱❆❉❖❘ ❉❊ ❊❙❚❆❉❖

❊❧ ❝♦♥tr♦❧ ❝♦♥ r❡❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s ❛s✉♠❡ ❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡
❡st❛❞♦✳ ❊st❡ ♣✉❡❞❡ ♥♦ s❡r ❡❧ ❝❛s♦ ❡♥ ❧❛ ♣rá❝t✐❝❛✱ ②❛ s❡❛ ♣♦rq✉❡ ❝✐❡rt♦s ❡st❛❞♦s ♥♦ s♦♥
♠❡❞✐❜❧❡s✱ ♦ ❡s ♠✉② ❞✐❢í❝✐❧ ♦ ♠✉② ❝❛r♦ ♠❡❞✐r❧♦s✳ P❛r❛ ✐♠♣❧❡♠❡♥t❛r ✉♥❛ r❡❛❧✐♠❡♥t❛❝✐ó♥ ❞❡
❡st❛❞♦s✱ ❡♥t♦♥❝❡s✱ ❞❡❜❡♠♦s ❞✐s❡ñ❛r ✉♥ ❞✐s♣♦s✐t✐✈♦ ❞✐♥á♠✐❝♦✱ ❧❧❛♠❛❞♦ ♦❜s❡r✈❛❞♦r ♦ ❡st✐✲
♠❛❞♦r ❞❡ ❡st❛❞♦s✱ ❝✉②❛ s❛❧✐❞❛ s❡❛ ✉♥❛ ❡st✐♠❛ ❞❡❧ ✈❡❝t♦r ❞❡ ❡st❛❞♦s✳ ❊♥ ❧♦s ♦❜s❡r✈❛❞♦r❡s
❞❡ ♦r❞❡♥ ❝♦♠♣❧❡t♦✱ ❡❧ ♦❜s❡r✈❛❞♦r t✐❡♥❡ ❡❧ ♠✐s♠♦ ♦r❞❡♥ q✉❡ ❧❛ ♣❧❛♥t❛ ❡s ❞❡❝✐r✱ ❡st✐♠❛✲
♠♦s t♦❞♦ ❡❧ ✈❡❝t♦r ❞❡ ❡st❛❞♦s✳ ❉❡♥♦t❛♠♦s ❝♦♥ x̂(t) ❛ ❧❛ ❡st✐♠❛ ❞❡ x(t)✳ ❈♦♥s✐❞❡r❛♥❞♦
❡♥t♦♥❝❡s ❡❧ s✐st❡♠❛

Ẋ = AX(t) + BU(t) ✭✸✳✸✮

y = CX(t) ✭✸✳✹✮

❞♦♥❞❡ ❆✱❇ ② ❈ s♦♥ ❝♦♥♦❝✐❞♦s ② ❧❛ ❡♥tr❛❞❛ u(t) ② ❧❛ s❛❧✐❞❛ y(t) s♦♥ ♠❡❞✐❜❧❡s✱ ❛✉♥q✉❡
♥♦ ❡❧ ❡st❛❞♦ x(t)✳ ❊❧ ♣r♦❜❧❡♠❛ ❡s ❡st✐♠❛r x(t) ❞❡ ❡st❛ ✐♥❢♦r♠❛❝✐ó♥❬✶✹❪✳

❋✐❣✉r❛ ✶✵✿ ❆❧❣❡❜r❛ ❞❡ ❜❧♦q✉❡s ❛ ♣❧❛♥t❛ ❝♦♥ ♦❜s❡r✈❛❞♦r✳✶✺

✶✹❋✉❡♥t❡✿ P❛r❛ ♠❛②♦r ♣r♦❢✉♥❞✐③❛❝✐ó♥ r❡♠✐t❛s❡ ❉■❆❩✱ ❍❡r♥❛♥❞♦✳ ❋✉♥❞❛♠❡♥t♦s ❞❡ ❝♦♥tr♦❧✳ ❉✐s❡ñ♦
❝♦♥ ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦✳ ♣✳ ✶✶✼✲✶✹✻✳

✶✺❋✉❡♥t❡✿ P❛r❛ ♠❛②♦r ♣r♦❢✉♥❞✐③❛❝✐ó♥ ❘❡❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦s ② ♦❜s❡r✈❛❞♦r❡s✳ ♣✳ ✶✹✹✲✶✾✸
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▲❛ ✐♠❛❣❡♥ ✶✵ ♠✉❡str❛ ❝♦♠♦ ❡st❛ ❝♦♥✜❣✉r❛❞❛ ❝♦♥ ❛❧❣❡❜r❛ ❞❡ ❜❧♦q✉❡s ✉♥❛ ♣❧❛♥t❛ ❡♥
✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦ ❝♦♥ s✉ r❡s♣❡❝t✐✈♦ ❡st✐♠❛❞♦s ❞❡ ❡st❛❞♦s (A,B y C)✳

✸✳✶✽✳ ▲■◆❊❆▲■❩❆❈■Ó◆

❊♥ ✐♥❣❡♥✐❡rí❛ ❞❡ ❝♦♥tr♦❧✱ ✉♥❛ ♦♣❡r❛❝✐ó♥ ♥♦r♠❛❧ ❞❡❧ s✐st❡♠❛ ♣✉❡❞❡ ♦❝✉rr✐r ❛❧r❡❞❡❞♦r ❞❡
✉♥ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦✳ ❨ ❧❛s s❡ñ❛❧❡s ♣✉❡❞❡♥ ❝♦♥s✐❞❡r❛rs❡ s❡ñ❛❧❡s ♣❡q✉❡ñ❛s ❛❧r❡❞❡❞♦r
❞❡❧ ❡q✉✐❧✐❜r✐♦✳✭❉❡❜❡ s❡ñ❛❧❛rs❡ q✉❡ ❤❛② ♠✉❝❤❛s ❡①❝❡♣❝✐♦♥❡s ❛ t❛❧ ❝❛s♦✳✮❙✐♥ ❡♠❜❛r❣♦✱ s✐
❡❧ s✐st❡♠❛ ♦♣❡r❛ ❛❧r❡❞❡❞♦r ❞❡ ✉♥ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ② s✐ ❧❛s s❡ñ❛❧❡s ✐♥✈♦❧✉❝r❛❞❛s s♦♥
♣❡q✉❡ñ❛s✱ ❡s ♣♦s✐❜❧❡ ❛♣r♦①✐♠❛r ❡❧ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧ ♠❡❞✐❛♥t❡ ✉♥ s✐st❡♠❛ ❧✐♥❡❛❧✳ ❊st❡
s✐st❡♠❛ ❧✐♥❡❛❧ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛❧ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧✱ ❝♦♥s✐❞❡r❛❞♦ ❞❡♥tr♦ ❞❡ ✉♥ r❛♥❣♦ ❞❡
♦♣❡r❛❝✐ó♥ ❧✐♠✐t❛❞❛✳ ❚❛❧ ♠♦❞❡❧♦ ❧✐♥❡❛❧✐③❛❞♦ ✭❧✐♥❡❛❧ ❡ ✐♥✈❛r✐❛♥t❡ ❝♦♥ ❡❧ t✐❡♠♣♦✮❡s ♠✉②
✐♠♣♦rt❛♥t❡ ❡♥ ❧❛ ✐♥❣❡♥✐❡rí❛ ❞❡ ❝♦♥tr♦❧✳ ❈♦♥ ❧❛ ✜♥❛❧✐❞❛❞ ❞❡ ♦❜t❡♥❡r ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥
❧✐♥❡❛❧ ♣❛r❛ ❧♦s s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s s❡ r❡❛❧✐③❛♥ ❧❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❛❧ s✐st❡♠❛ ② s❡
❡✈❛❧✉❛♥ ❡♥ x1 = x̄1✱x̄2 = x̄2✳ ❈❡r❝❛ ❞❡❧ ♣✉♥t♦ ❞❡ ♦♣❡r❛❝✐ó♥ ♥♦r♠❛❧✱ ❡s ♣♦s✐❜❧❡ ♥♦
❝♦♥s✐❞❡r❛r ❧♦s t❡r♠✐♥♦s ❞❡ ♦r❞❡♥ s✉♣❡r✐♦r ❬✶✵❪
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▼❛tr✐③ ❞❡ ❧✐♥❡❛❧✐③❛❝✐ó♥ ❝♦♥ s✉s r❡s♣❡❝t✐✈❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s✳

✸✳✶✾✳ P❯▲❙❊✲❲■❉❚❍ ▼❖❉❯▲❆❚■❖◆ ✏P❲▼✑

▲❛ té❝♥✐❝❛ P❲▼ ✭P✉❧s❡ ❲✐❞t❤ ▼♦❞✉❧❛t✐♦♥✮ ♦ ♠♦❞✉❧❛❝✐ó♥ ♣♦r ❛♥❝❤✉r❛ ❞❡❧ ♣✉❧s♦ ❞❡ ✉♥❛
s❡ñ❛❧ ♦ ❢✉❡♥t❡ ❞❡ ❡♥❡r❣í❛ ❡s ✉♥❛ té❝♥✐❝❛ ❡♥ ❧❛ q✉❡ s❡ ♠♦❞✐✜❝❛ ❡❧ ❝✐❝❧♦ ❞❡ tr❛❜❛❥♦ ❞❡ ✉♥❛
s❡ñ❛❧ ♣❡r✐ó❞✐❝❛ ✭✉♥❛ s❡ñ❛❧ s❡♥♦✐❞❛❧ ♦ ✉♥❛ ❝✉❛❞r❛❞❛✮✱ ②❛ s❡❛ ♣❛r❛ tr❛s♠✐t✐r ✐♥❢♦r♠❛❝✐ó♥
❛ tr❛✈és ❞❡ ✉♥ ❝❛♥❛❧ ❞❡ ❝♦♠✉♥✐❝❛❝✐♦♥❡s ♦ ♣❛r❛ ❝♦♥tr♦❧❛r ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❡♥❡r❣í❛ q✉❡ s❡
❡♥✈í❛ ❛ ✉♥❛ ❝❛r❣❛ ❬✶✺❪✳

▲❛ ❝♦♥str✉❝❝✐ó♥ tí♣✐❝❛ ❞❡ ✉♥ ❝✐r❝✉✐t♦ P❲▼ s❡ ❧❧❡✈❛ ❛ ❝❛❜♦ ♠❡❞✐❛♥t❡ ✉♥ ❝♦♠♣❛r❛❞♦r
❝♦♥ ❞♦s ❡♥tr❛❞❛s ② ✉♥❛ s❛❧✐❞❛✳ ❯♥❛ ❞❡ ❧❛s ❡♥tr❛❞❛s s❡ ❝♦♥❡❝t❛ ❛ ✉♥ ♦s❝✐❧❛❞♦r ❞❡ ♦♥❞❛
❞❡ ❞✐❡♥t❡s ❞❡ s✐❡rr❛✱ ♠✐❡♥tr❛s q✉❡ ❧❛ ♦tr❛ q✉❡❞❛ ❞✐s♣♦♥✐❜❧❡ ♣❛r❛ ❧❛ s❡ñ❛❧ ♠♦❞✉❧❛❞♦r❛✳
❊♥ ❧❛ s❛❧✐❞❛ ❧❛ ❢r❡❝✉❡♥❝✐❛ ❡s ❣❡♥❡r❛❧♠❡♥t❡ ✐❣✉❛❧ ❛ ❧❛ ❞❡ ❧❛ s❡ñ❛❧ ❞✐❡♥t❡s ❞❡ s✐❡rr❛ ② ❡❧
❝✐❝❧♦ ❞❡ tr❛❜❛❥♦ ❡stá ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ♣♦rt❛❞♦r❛✳

▲❛ ♠♦❞✉❧❛❝✐ó♥ ♣♦r ❛♥❝❤♦ ❞❡ ♣✉❧s♦s ❡s ✉♥❛ té❝♥✐❝❛ ✉t✐❧✐③❛❞❛ ♣❛r❛ r❡❣✉❧❛r ❧❛ ✈❡❧♦❝✐✲
❞❛❞ ❞❡ ❣✐r♦ ❞❡ ❧♦s ♠♦t♦r❡s ❡❧é❝tr✐❝♦s ❞❡ ✐♥❞✉❝❝✐ó♥ ♦ ❛sí♥❝r♦♥♦s✳ ▼❛♥t✐❡♥❡ ❡❧ ♣❛r ♠♦t♦r

✷✾



❝♦♥st❛♥t❡ ② ♥♦ s✉♣♦♥❡ ✉♥ ❞❡s❛♣r♦✈❡❝❤❛♠✐❡♥t♦ ❞❡ ❧❛ ❡♥❡r❣í❛ ❡❧é❝tr✐❝❛✳ ❙❡ ✉t✐❧✐③❛ t❛♥t♦ ❡♥
❝♦rr✐❡♥t❡ ❝♦♥t✐♥✉❛ ❝♦♠♦ ❡♥ ❛❧t❡r♥❛✱ ❝♦♠♦ s✉ ♥♦♠❜r❡ ❧♦ ✐♥❞✐❝❛✱ ❛❧ ❝♦♥tr♦❧❛r✿ ✉♥ ♠♦♠❡♥t♦
❛❧t♦ ✭❡♥❝❡♥❞✐❞♦ ♦ ❛❧✐♠❡♥t❛❞♦✮ ② ✉♥ ♠♦♠❡♥t♦ ❜❛❥♦ ✭❛♣❛❣❛❞♦ ♦ ❞❡s❝♦♥❡❝t❛❞♦✮✱ ❝♦♥tr♦✲
❧❛❞♦ ♥♦r♠❛❧♠❡♥t❡ ♣♦r r❡❧ès ✭❜❛❥❛ ❢r❡❝✉❡♥❝✐❛✮ ♦ ▼❖❙❋❊❚ ♦ t✐r✐st♦r❡s ✭❛❧t❛ ❢r❡❝✉❡♥❝✐❛✮✳

❖tr❛ ❢♦r♠❛ ❞❡ r❡❣✉❧❛r ❡❧ ❣✐r♦ ❞❡❧ ♠♦t♦r ❡s ✈❛r✐❛♥❞♦ ❡❧ t✐❡♠♣♦ ❡♥tr❡ ♣✉❧s♦s ❞❡ ❞✉r❛❝✐ó♥
❝♦♥st❛♥t❡✱ ❧♦ q✉❡ s❡ ❧❧❛♠❛ ♠♦❞✉❧❛❝✐ó♥ ♣♦r ❢r❡❝✉❡♥❝✐❛ ❞❡ ♣✉❧s♦s✳ ❊❧ ❝✐❝❧♦ ❞❡ ❛❝t✐✈✐❞❛❞ ✭♦
❞✉t② ❝②❝❧❡✱ ❉❈✮ r❡♣r❡s❡♥t❛ ❧❛ ❛♥❝❤✉r❛ ❞❡❧ ♣✉❧s♦✿ ❝✉á♥t♦ t✐❡♠♣♦ ❞❡ ❝❛❞❛ ♦♥❞❛ ❝✉❛❞r❛❞❛
❤❛② ♣✉❧s♦ ✭✺❱✮ ② ❝✉á♥❞♦ ♥♦ ❧♦ ❤❛② ✭✵❱✮ ❝♦♠♦ s❡ ✈❡ ❡♥ ❧❛ ❋✐❣✉r❛ ✶✶✳

❋✐❣✉r❛ ✶✶✿ ▼♦❞✉❧❛❝✐ó♥ ❞❡ ❛♥❝❤♦ ❞❡ ♣✉❧s♦ P❲▼✳✶✻

P❛r❛ ♦❜t❡♥❡r ❡❧ ❝✐❝❧♦ ❞❡ ❛❝t✐✈✐❞❛❞ ❞❡ ❧❛ s❡ñ❛❧ s❡ r❡❛❧✐③❛ ❡❧ s✐❣✉✐❡♥t❡ ❝❛❧❝✉❧♦✳

Ciclo de actividad =
Ancho de pulso x 100%

Perodo

✸✳✷✵✳ ❆◆❚❊❈❊❉❊◆❚❊❙

■♥✐❝✐❛❧♠❡♥t❡ ❧♦s ❝❤✐♥♦s ❡♥ ❡❧ ❛ñ♦ ✹✵✵ ❆✳ ❈✳ ❝r❡❛r♦♥ ✉♥ tr♦♠♣♦ ✈♦❧❛❞♦r✱ ❡❧ ❝✉❛❧ r❛❞✐❝❛❜❛
❡♥ ✉♥❛ ✈❛r❛ ❝♦♥ ✉♥❛ ❤é❧✐❝❡ ✐♥s❡rt❛❞❛ ❡♥ ✉♥ ❡①tr❡♠♦✱ q✉❡ ❛❧ ❜❛✐❧❛r ❡♥tr❡ ❧❛s ♠❛♥♦s s❡ ❡❧❡✲
✈❛❜❛ ② ❣✐r❛❜❛ ✈❡❧♦③♠❡♥t❡✳ ❊s ❡❧ ♣r✐♠❡r ❛♥t❡❝❡❞❡♥t❡ q✉❡ s❡ ❝♦♥♦❝❡ ❞❡ ✉♥ ❤❡❧✐❝ó♣t❡r♦ ❬✶✻❪✳

❊♥ ✶✹✾✵ ❡♥ ❧❛ é♣♦❝❛ ❞❡❧ r❡♥❛❝✐♠✐❡♥t♦✱ ▲❡♦♥❛r❞♦ ❞❛ ❱✐♥❝✐ r❡❛❧✐③ó ❡❧ ♣r✐♠❡r ❞✐s❡ñ♦ ②
❞✐❜✉❥♦ ✉♥♦s ❡sq✉❡♠❛s ❞❡ ✉♥❛ ♠áq✉✐♥❛ ✈♦❧❛❞♦r❛ ❝♦♥ ✉♥ r♦t♦r✱ ♣❡r♦ ❤❛st❛ ❞❡s♣✉és ❞❡❧
s✐❣❧♦ ❳❳ ②❛ ❝♦♥ ❧♦s ❛✈✐♦♥❡s ♠♦t♦r✐③❛❞♦s s❡ ✐♥✐❝✐❛r♦♥ ❧♦s ❡st✉❞✐♦s ❡♥ ✉♥❛ ♥❛✈❡ ❝♦♠♦ ❧❛
tr❛❜❛❥❛❞❛ ❡♥ ❡st❡ tr❛❜❛❥♦ ❞❡ ❣r❛❞♦✳ ❊❧ ❡sq✉❡♠❛ ❞❡ ❧❛ ♠áq✉✐♥❛ ❞✐❜✉❥❛❞❛ ♣♦r ▲❡♦♥❛r❞♦
s❡ ✈❡ ❡♥ ❧❛ ❋✐❣✉r❛ ✶✷ ❬✶✻❪✳

✶✻❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✸ ❞❡ ❏✉❧✐♦ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥ ❤tt♣✿✴✴✇✇✇✳❛r❝♦s✳✐♥❢✳✉❝✸♠✳❡s✴ ✐♥✲
❢♦str✴❧✐❜✴❡①❡✴❢❡t❝❤✳♣❤♣❄♠❡❞✐❛❂✐♥tr♦❞✉❝❝✐♦♥♣✇♠✳♣❞❢

✸✵



❋✐❣✉r❛ ✶✷✿ ▼áq✉✐♥❛ ❞❡ ▲❡♦♥❛r❞♦ ❉❛ ❱✐♥❝✐✳✶✼

▲❛ ❡♠♣r❡s❛ ◗✉❛♥s❡r ❘© ♥❛❝❡ ♣♦r ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ s❡ ❝❛r❡❝í❛ ❞❡ ✉♥❛ ♠áq✉✐♥❛ ✜r♠❡✱
♣r❡❝✐s❛ ② r♦❜✉st❛ ❞❡ ❝♦♥tr♦❧✳ ❋✉❡ ❢✉♥❞❛❞❛ ❡♥ ✶✾✽✾ ② ❤❛ ✈❡♥✐❞♦ ❛✈❛♥③❛♥❞♦ rá♣✐❞❛♠❡♥t❡
❡♥ ❧❛ ✐♥♥♦✈❛❝✐ó♥ ② ❝r❡❛❝✐ó♥ ❞❡ s✐st❡♠❛s ❝♦♠♦ ❡❧ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ✷ ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ q✉❡
s❡ ✈❡ ❡♥ ❧❛ ❋✐❣✉r❛ ✶✸ ❬✶✼❪✳

❋✐❣✉r❛ ✶✸✿ ❍❡❧✐❝ó♣t❡r♦ ◗❯❆◆❙❊❘ ❞❡ ✷ ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✳✶✽

❊♥ ❡❧ ❛ñ♦ ✷✵✵✵ ❙✳ ▼✳ ❆❤♠❛❞✱ ❙✳ ❏✳ ❈❤✐♣♣❡r✜❡❧❞ ② ▼✳ ❖✳ ❚♦❦❤✐ ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞
❞❡ ❙❤❡✣❡❧❞✱ r❡❛❧✐③❛r♦♥ ❡❧ ♠♦❞❡❧♦ ❞✐♥á♠✐❝♦ ② ❝♦♥tr♦❧ ❞❡ ❚❘▼❙ ✏❚✇✐♥ ❘♦t♦r ▼♦t♦r
❙②st❡♠✑ ✭❙✐st❡♠❛ ▼■▼❖ ❞❡ ❞♦❜❧❡ r♦t♦r✮ ❡♥ ✈✉❡❧♦ ❡st❛❝✐♦♥❛r✐♦✱ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞✐♥á✲
♠✐❝❛ ❞❡❧ s✐st❡♠❛ ❢✉❡ ❛❞q✉✐r✐❞❛ ♣♦r ❡❧ ❝♦♠❛♥❞♦ ■❉❊◆❚ ❞❡ ❙✐♠✉❧✐♥❦ ❘© ❝♦♥ ❡❧ ♠♦❞❡❧♦
❆❘▼❆❳ ❞❡ ❝✉❛rt♦ ♦r❞❡♥✳ ❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥ s❡ ❜❛s❛❜❛ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡
♠ét♦❞♦s ❞❡ ❝♦♥tr♦❧ ❞❡ ❧❛s ✈✐❜r❛❝✐♦♥❡s ❞❡ ❧❛s ♠❛s❛s✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ ❧❛ ❝❛r❣❛ ❞❡
❧♦s r♦t♦r❡s s♦♥ ❧❛ ♣r✐♥❝✐♣❛❧ ❢✉❡♥t❡ ❞❡ ✈✐❜r❛❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ❬✶✽❪✳

✶✼❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✷✸ ❞❡ ❏✉❧✐♦ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥
❤tt♣✿✴✴❢❛✐r❝♦♠♣❛♥✐❡s✳❝♦♠✴♥❡✇s✴✈✐❡✇✴♠❛q✉✐♥❛s✲✈♦❧❛r✲❧❡♦♥❛r❞♦✲✐♠♣❡❞✐♠❡♥t♦✲♥♦♥✲♠✐✲♣✐❡❣❛✴

✶✽❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✵✹ ❞❡ ❆❣♦st♦ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥
❤tt♣✿✴✴✇✇✇✳q✉❛♥s❡r✳❝♦♠✴♣r♦❞✉❝ts✴✷❞♦❢❴❤❡❧✐❝♦♣t❡r

✸✶



●❛r♦ ❩❛r✐❦✐❛♥ ② ❆♥❞r❡❛ ❙❡rr❛♥✐ ❡♥ ❡❧ ✷✵✵✺ r❡❛❧✐③❛r♦♥ ❡❧ ♠♦❞❡❧❛♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛
♣♦r ❡❧ ♠♦❞❡❧♦ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ♣❛r❛ r❡❝❤❛③♦ ❞❡ ♣❡rt✉r❜❛❝✐♦♥❡s✳ ❉❡s❛✲
rr♦❧❧❛r♦♥ ✉♥❛ té❝♥✐❝❛✱ ❝♦♥♦❝✐❞❛ ❝♦♠ú♥♠❡♥t❡ ❝♦♠♦ ✑❝♦♥tr♦❧ ❛♥t✐❝✐♣❛❞♦ ❞❡ ❛❞❛♣t❛❝✐ó♥✑ ❡❧
❝✉❛❧ s❡ ❜❛s❛ ❡♥ ✉♥❛ ❛❝❝✐ó♥ ❞❡ ❝♦♥tr♦❧ ❞❡ ❛❧✐♠❡♥t❛❝✐ó♥ ❞✐r❡❝t❛ q✉❡ ❛♥✉❧❛ ❧❛ ♣❡rt✉r❜❛❝✐ó♥
❡♥ s✉ ♣✉♥t♦ ❞❡ ❧❛③♦ ❝❡rr❛❞♦ ❡st❛❜✐❧✐③❛❞♦✳ ❊❧ ♠♦❞❡❧♦ ❡①t❡r♥♦ ♣r♦♣♦r❝✐♦♥❛ ❡❧ r❡❝❤❛③♦ ❞❡
❧❛s ♣❡rt✉r❜❛❝✐♦♥❡s ❡♥ ❧❛ ❡♥tr❛❞❛ ② ❧♦s ❝❛♥❛❧❡s ❞❡ ❧♦s s❡♥s♦r❡s ❬✶✾❪✳

❊♥ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❏❛✈❡r✐❛♥❛ ❡♥ ❡❧ ✷✵✵✺ ❆♥❞rés ❈❛r♦✱ ❋r❛♥❝✐s❝♦ ▲ó♣❡③ ② ❏♦sé ❖rt✐③✱
r❡❛❧✐③❛r♦♥ ❡❧ ❡st✉❞✐♦ ❢ís✐❝♦ ❞❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ✉♥ ❤❡❧✐❝ó♣t❡r♦ ② ♦❜t✉✈✐❡r♦♥ ✉♥ ♠♦❞❡❧♦
♠❛t❡♠át✐❝♦ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞❡ ▲❛❣r❛♥❣❡ ② ♣♦r ♠❡❞✐♦ ❞❡❧ ❝✉❛❧ ❝♦♥s✐❣✉✐❡r♦♥ ✉♥ ♠♦❞❡❧♦ ❡♥
✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦✱ t❛♠❜✐é♥ ❞❡s❛rr♦❧❧❛r♦♥ ✉♥ ♠♦❞❡❧♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣♦r ❙✐♠✉❧✐♥❦ ❘©✳
❊❥❡❝✉t❛r♦♥ ✉♥❛ ♠❡t♦❞♦❧♦❣í❛ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s q✉❡ ✉t✐❧✐③❛♥ ❛❧❣♦r✐t♠♦s ❣❡♥ér✐❝♦s ❬✷❪✳

❊❧ ❉r✳ ❇❡♥ ❈❛③③♦❧❛t♦ ❡♥ ❡❧ ✷✵✵✻ r❡❛❧✐③ó ✉♥ t✉t♦r✐❛❧ ❞❡ ✉♥ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ✷ ❣r❛❞♦s
❞❡ ❧✐❜❡rt❛❞ q✉❡ ❝♦♥st❛ ❞❡ ❞♦s ❤é❧✐❝❡s ✐♠♣✉❧s❛❞❛s ♣♦r ♠♦t♦r❡s ❞❡ ❝♦rr✐❡♥t❡ ❝♦♥t✐♥✉❛✳
❯t✐❧✐③ó ✉♥ ❥♦②st✐❝❦ ♣❛r❛ ❡❧ ✉s♦ ❞❡ ❧♦s ♠♦t♦r❡s ♠❛♥✉❛❧♠❡♥t❡ ❡♥ ❧❛③♦ ❛❜✐❡rt♦ ❝♦♥ ❡❧ ✜♥
❞❡ ❝♦♠♣❛r❛r ❡❧ r❡♥❞✐♠✐❡♥t♦ ❞❡ ❧❛ ♣❧❛♥t❛ ❡♥tr❡ ✉♥ ♦♣❡r❛❞♦r ❤✉♠❛♥♦ ② ❝♦♥tr♦❧❛❞♦r❡s✳
P♦st❡r✐♦r♠❡♥t❡ ❡❧ ❝♦♥tr♦❧❛❞♦r ❡st❛rá ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ❤❛❝✐❡♥❞♦ q✉❡ ❡❧ ♦♣❡r❛r✐♦ ♠❡❥♦r❡
❡❧ r❡♥❞✐♠✐❡♥t♦ ❞❡❧ ❝♦♥tr♦❧ ② s❡❛ ♠ás ❢á❝✐❧ ❞❡ ✉s❛r✳ ❉❡s❛rr♦❧❧ó ✉♥ ♠♦❞❡❧♦ s✐♠♣❧✐✜❝❛❞♦
② ♦❜t✉✈♦ ✉♥ ♠♦❞❡❧♦ ❞❡ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦✳ ❆♣❧✐❝ó ✉♥ ❝♦♥tr♦❧❛❞♦r ✐♥t❡❣r❛❧ ❝♦♥ ❡❧ ❝✉❛❧
❝♦♠♣❛r❛ ❧❛ ❛❝❝✐ó♥ ❤✉♠❛♥❛ ❬✷✵❪✳

❊♥ ❡❧ ✷✵✵✽ ✉♥♦s ❡st✉❞✐❛♥t❡s ❞❡ ❧❛ ✉♥✐✈❡rs✐❞❛❞ ❞❡ ❙❡✈✐❧❧❛ ❡♥ ❊s♣❛ñ❛ ❞❡s❛rr♦❧❧❛r♦♥ ❜❛❥♦
❡❧ ♠❛r❝♦ ❞❡❧ ♣r♦②❡❝t♦ ❈❖▼❊❚❆❙ ✜♥❛♥❝✐❛❞♦ ♣♦r ❧❛ ❈♦♠✐s✐ó♥ ❊✉r♦♣❡❛ ❡♥ ❡❧ Pr♦❣r❛♠❛
■❙❚✱ ❞✐s❡ñ❛r♦♥ ❡ ✐♠♣❧❡♠❡♥t❛r♦♥ ✉♥ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧ ❞✐str✐❜✉✐❞♦ ❞❡ ❧❛ ❝♦♦r❞✐♥❛❝✐ó♥
❞❡ ♠ú❧t✐♣❧❡s ❤❡t❡r♦❣é♥❡♦s ❯❆❱s ❝♦♥ ✉♥ ❣r❛❞♦ ❞❡ ❛✉t♦♥♦♠í❛ ❞✐❢❡r❡♥t❡✳ ▲♦s ♠ét♦❞♦s ❞❡
❝♦♥tr♦❧ ❞❡❧ ❤❡❧✐❝ó♣t❡r♦ ❛✉tó♥♦♠♦ ❧♦s ❞✐✈✐❞✐❡r♦♥ ❡♥ ♠ét♦❞♦s ❞❡ ❝♦♥tr♦❧ ❜❛s❛❞♦s ❡♥ ❡❧
❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❛♣r❡♥❞✐③❛❥❡ ② ♣✐❧♦t♦✱ ② ❧♦s ♠ét♦❞♦s ❞❡ ❝♦♥tr♦❧ ❜❛s❛❞♦s ❡♥ ✉♥ ♠♦❞❡❧♦✳
❉✐❢❡r❡♥t❡s ♠ét♦❞♦s ♣❛r❛ ✉♥ ❤❡❧✐❝ó♣t❡r♦ ❛✉tó♥♦♠♦ ❜❛s❛❞♦ ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❝♦♥tr♦❧ s❡ ❤❛♥
♣r❡s❡♥t❛❞♦ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛✱ ✐♥❝❧✉②❡♥❞♦ ❝♦♥tr♦❧ r♦❜✉st♦ ❧✐♥❡❛❧ ❜❛s❛❞♦ ❡♥ ♠♦❞❡❧♦s ❧✐♥❡❛❧❡s
❞❡ ❛❧t♦ ♦r❞❡♥✱ ❡❧ ❝♦♥tr♦❧ ❞❡ ❣❛♥❛♥❝✐❛ ❧✐♥❡❛❧ ② ❡❧ ❝♦♥tr♦❧ ♣r❡❞✐❝t✐✈♦ ❜❛s❛❞♦ ❡♥ ♠♦❞❡❧♦
♥♦ ❧✐♥❡❛❧✳ ❚✉✈✐❡r♦♥ ❡♥ ❝✉❡♥t❛ q✉❡ ❡♥ ✈✉❡❧♦ ❡st❛❝✐♦♥❛r✐♦✱ ❡❧ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧ ♣✉❡❞❡ s❡r
❧✐♥❡❛❧✐③❛❞♦ ② ❧✉❡❣♦ té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧ ❧✐♥❡❛❧❡s ♠✉❧t✐✈❛r✐❛❜❧❡s✱ t❛❧❡s ❝♦♠♦ ▲◗❘ ② ❍▼✱ s❡
♣✉❡❞❡ ❛♣❧✐❝❛r✳ P♦r ♦tr♦ ❧❛❞♦✱ ❡❧ ❝♦♥tr♦❧ ♥♦ ❧✐♥❡❛❧ té❝♥✐❝❛s s♦♥ ♠ás ❣❡♥❡r❛❧❡s ② ❛❜❛r❝❛♥
❧❛s ❣❛♠❛s ♠ás ❛♠♣❧✐❛s ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ ✈✉❡❧♦✱ ♣❡r♦ r❡q✉✐❡r❡ ✉♥ ❝♦♥♦❝✐♠✐❡♥t♦ ♣r❡❝✐s♦
s♦❜r❡ ❡❧ s✐st❡♠❛ ② s♦♥ s❡♥s✐❜❧❡s ❛ ♠♦❞❡❧❛r ❧❛s ❞✐s♣❛r✐❞❛❞❡s ❬✷✶❪✳

❊♥ ❧❛ ✉♥✐✈❡rs✐❞❛❞ ❞❡ ❱❡r❛❝r✉③✱ ▼é①✐❝♦✱ ❡♥ ❡❧ ✷✵✵✾ ❆r❡❧② ❘✉✐③ ❙♦t♦ r❡❛❧✐③ó ❧❛ ❝♦♥str✉❝✲
❝✐ó♥ ② ❝♦♥tr♦❧ ❞❡ ✉♥ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ✷ ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✳ ▲❛s ❜❛rr❛s s♦♥ ❞❡ ❛❧✉♠✐♥✐♦✱
❧❛s ❤é❧✐❝❡s q✉❡ ✉t✐❧✐③ó ❢✉❡r♦♥ ✈❡♥t✐❧❛❞♦r❡s ♣❛r❛ ❢✉❡♥t❡s ❉❈ ② ✉t✐❧✐③❛♥❞♦ ❝♦♠♦ s❡♥s♦✲
r❡s ♣♦t❡♥❝✐ó♠❡tr♦s ❝♦♠♦ s❡ ✈❡ ❡♥ ❧❛ ❋✐❣✉r❛ ✶✹✳ P❛r❛ ❡❧ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ r❡❛❧✐③ó ❡❧
♠ét♦❞♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ② ♦❜t✉✈♦ ✉♥ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧✱ ♣♦st❡r✐♦r♠❡♥t❡ ❞✐s❡ñó ✉♥

✸✷



❝♦♥tr♦❧❛❞♦r P■❉ ② ❛❞❛♣t✐✈♦ ✭❜❛s❛❞♦ ❡♥ ❧❛ t❡♦rí❛ ❞❡ ♠♦❞♦s ❞❡s❧✐③❛♥t❡s✮✱ ❡♥ ❞♦♥❞❡ ♣♦r
♠❡❞✐♦ ❞❡ ✉♥❛ ✐♥t❡r❢❛③ ❡♥ ❧❛❜✈✐❡✇ ❘© ♣♦❞í❛ ✈✐s✉❛❧✐③❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ♣❧❛♥t❛
❝♦♥ r❡s♣❡❝t♦ ❛❧ ❝♦♥tr♦❧❛❞♦r✳ ❋✐♥❛❧♠❡♥t❡✱ ❝♦♥❝❧✉②❡r♦♥ q✉❡ ❡❧ ❝♦♥tr♦❧❛❞♦r P■❉ t✉✈♦ ✉♥❛
r❡s♣✉❡st❛ ❡♥ ❡st❛❞♦ ❡st❛❝✐♦♥❛r✐♦ s❛t✐s❢❛❝t♦r✐❛✱ ♣❡r♦ ❡r❛ ♣♦❝♦ r♦❜✉st♦ ❛♥t❡ ❞✐♥á♠✐❝❛s ♥♦
♠♦❞❡❧❛❞❛s ② ❧❛s ♣❡rt✉r❜❛❝✐♦♥❡s ❞❡❧ s✐st❡♠❛✳ ❊❧ ❝♦♥tr♦❧❛❞♦r ❛❞❛♣t❛❜❧❡ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡❧
❛♥t❡r✐♦r ♣r❡s❡♥tó ✉♥ t✐❡♠♣♦ ❞❡ r❡s♣✉❡st❛ ♠✉❝❤♦ ♠❡♥♦r s✐♥ s♦❜r❡ ♣✐❝♦✳ ▲❛ r❡s♣✉❡st❛ ❡♥
❡st❛❞♦ ❡st❛❝✐♦♥❛r✐♦ ❢✉❡ ♠✉❝❤♦ ♠ás ✈❡❧♦③✱ t❛♠❜✐é♥ ❡♥❝♦♥tr❛r♦♥ q✉❡ ❧❛ r❡s♣✉❡st❛ ❛ ❧❛s
♣❡rt✉r❜❛❝✐♦♥❡s ❡r❛ ❛❝❡♣t❛❜❧❡ ❬✷✷❪✳

❋✐❣✉r❛ ✶✹✿ P❧❛♥t❛ ❝♦♥str✉✐❞❛ ♣♦r ❆r❡❧② ❘✉✐③✳✶✾

❊♥ ❡❧ ❛ñ♦ ✷✵✵✾ ▼❛♥✉❡❧ ❖s♣✐♥❛ ❡♥ ❧❛ ✉♥✐✈❡rs✐❞❛❞ ◆❛❝✐♦♥❛❧ s❡❞❡ ▼❡❞❡❧❧í♥✱ r❡❛❧✐③ó ❡❧
❝♦♥tr♦❧ ❞❡ ✉♥❛ ♠♦❧✐❡♥❞❛✱ ❞❛❞♦ q✉❡ ❡s ❛❧t❛♠❡♥t❡ ❝♦♠♣❧❡❥♦ ❞❡❜✐❞♦ ❛ ❧❛ ❣r❛♥ ❝❛♥t✐❞❛❞ ❞❡
✈❛r✐❛❜❧❡s q✉❡ ✐♥t❡r✈✐❡♥❡♥ ❡♥ ❡❧ ♣r♦❝❡s♦ t❛❧❡s ❝♦♠♦ ❧❛ ❞✉r❡③❛ ❞❡❧ ♠✐♥❡r❛❧✱ t❛s❛ ❞❡ ❛❧✐✲
♠❡♥t♦✱ t❛s❛s ❞❡ ✢✉❥♦ ❞❡ ❛❣✉❛ ② ♣♦r❝❡♥t❛❥❡ ❞❡ só❧✐❞♦s✱ ❡st❛ ❣r❛♥ ✈❛r✐❛❜✐❧✐❞❛❞ ♦♣❡r❛❝✐♦♥❛❧
❤✐③♦ q✉❡ ❞✐❝❤♦s ❝✐r❝✉✐t♦s ❢✉❡r❛♥ ❞✐❢í❝✐❧❡s ❞❡ ❝♦♥tr♦❧❛r✱ ✐♥✢✉❡♥❝✐❛❞♦ ❡❧ ❛❧t♦ ❝♦♥s✉♠♦ ❞❡
❡♥❡r❣í❛ ② ❡♥ ❡❧ ❜❛❥♦ ❞❡s❡♠♣❡ñ♦ ❞❡ ❧♦s ❝✐r❝✉✐t♦s✳ ❊♥ ❝♦♥tr♦❧ ❞❡ ♣r♦❝❡s♦s ✐♥❞✉str✐❛❧❡s
❡s ❤❛❜✐t✉❛❧ ❡♥❝♦♥tr❛rs❡ ❝♦♥ s✐st❡♠❛s ❝♦♥ ✈❛r✐❛s ❡♥tr❛❞❛s ② s❛❧✐❞❛s✱ s✐❡♥❞♦ ❡❧ ❝❛s♦ ✷①✷
❡❧ ♠ás tr❛t❛❞♦ ❡♥ ❧❛ ❜✐❜❧✐♦❣r❛❢í❛✱ ❜✐❡♥ ♣♦rq✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ♣r♦❝❡s♦s tí♣✐❝♦s r❡❛❧❡s✱
❜✐❡♥ ♣♦rq✉❡ ❡❧ ♣r♦❝❡s♦ ❤❛ s✐❞♦ ❞❡s❝♦♠♣✉❡st♦ ❡♥ ❜❧♦q✉❡s ❞❡ ❡st❡ t❛♠❛ñ♦✳ ❆♣❧✐❝❛r♦♥
❡str❛t❡❣✐❛s ❝♦♠♦✱ ❡❧ ❝♦♥tr♦❧ ❝❡♥tr❛❧✐③❛❞♦✱ ❜❛❥♦ ❞♦s ❡♥❢♦q✉❡s ❞✐❢❡r❡♥t❡s✿ ❡❧ ♣r✐♠❡r♦ ❞❡
❡❧❧♦s ❝♦♠❜✐♥❛ ✉♥❛ r❡❞ ❞❡ ❞❡s❛❝♦♣❧♦✱ ❢♦r♠❛❞❛ ♣♦r ❝✉❛tr♦ ❡❧❡♠❡♥t♦s Dij(s)✱ ❝♦♥ ✉♥ ❝♦♥✲
tr♦❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦✱ ❝♦♠♣✉❡st♦ ♣♦r ❞♦s ❡❧❡♠❡♥t♦s ki(s)✱ ② ❡❧ s❡❣✉♥❞♦ ✉t✐❧✐③❛ ✉♥❛
r❡❞ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s✱ ❢♦r♠❛❞❛ ♣♦r ❧♦s ❝✉❛tr♦ ❡❧❡♠❡♥t♦s kij(s)✱ ❝♦♥ ✜❧♦s♦❢í❛ ♣✉r❛♠❡♥t❡
❝❡♥tr❛❧✐③❛❞❛ ❬✶✷❪✳

✶✾❋✉❡♥t❡✿ ❘❯■❩ ❙❖❚❖✱ ❆r❡❧②✳ ❈♦♥str✉❝❝✐ó♥ ② ❝♦♥tr♦❧ ❞❡ ✉♥❛ ♣❧❛♥t❛ ❞✐❞á❝t✐❝❛ ❞❡ ❞♦s ❣r❛❞♦s ❞❡
❧✐❜❡rt❛❞✳ ❱❡r❛❝r✉③✿ ✷✵✵✾✳
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❋✐❣✉r❛ ✶✺✿ ❈✐r❝✉✐t♦ ❞❡ ▼♦❧✐❡♥❞❛✲❈❧❛s✐✜❝❛❝✐ó♥✳✷✵

❈❧❛✉❞✐❛ Pér❡③✱ ❲✐❧❢r❡❞✐s ▼❡❞✐♥❛✱ ▲❡♦♥❛r❞♦ ❋❡r♠í♥✱ ❏✉❛♥ ▼❛♥✉❡❧ ❇♦❣❛❞♦✱ ❘❛❢❛❡❧ ❚♦✲
rr❡❛❧❜❛ ② ●❡r❛r❞♦ ❋❡r♥á♥❞❡③ ❡♥ ❡❧ ✷✵✶✵✱ r❡❝✉rr❡♥ ❛ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ ❡st❛❞♦s ❡♥tr❡
❡❧ ♠❛❡str♦ ② ❡❧ ❡s❝❧❛✈♦✱ ❞♦♥❞❡ ❡❧ r♦❜♦t ♠❛❡str♦ ❡s ♠❛♥✐♣✉❧❛❞♦ ♣♦r ✉♥ ✉s✉❛r✐♦ ❤✉✲
♠❛♥♦ ❤❛❝✐❡♥❞♦ q✉❡ ❧❛s ✈❡♥t❛❥❛s ❞❡ ✉♥ s✐st❡♠❛ r♦❜ót✐❝♦✱ s❡❛ ♣r❡❝✐s♦ ② s❡❣✉r♦✳ ❆♣❧✐❝❛r♦♥
❝♦♥tr♦❧❛❞♦r❡s ❙■❙❖✱ ▼■▼❖ ② ❝♦♥tr♦❧ ♣♦r ❡st❛❞♦ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛s ❝♦♥ ✉♥❛ ♣❧❛t❛❢♦r♠❛
◗✉❛♥s❡r ❞❡ ✷ ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✳ ❊❧❧♦s r❡❛❧✐③❛r♦♥ ✉♥ ♣r♦❣r❡s♦ ❡♥ ❡❧ ❝♦♥tr♦❧ ♣♦r ❡st❛❞♦
❞❡ ❝♦♥✈❡r❣❡♥❝✐❛s ②❛ q✉❡ s♦❧♦ s❡ ❤❛❜í❛ ❛♣❧✐❝❛❞♦ ❛ ♠❛♥✐♣✉❧❛❞♦r❡s ② ❛ ♣❧❛♥t❛s ❞❡ ✶ ❣r❛❞♦
❞❡ ❧✐❜❡rt❛❞ ❬✷✸❪✳

❊♥ ❡❧ ❞❡♣❛rt❛♠❡♥t♦ ❞❡ ✐♥❣❡♥✐❡rí❛ ♠❡❝á♥✐❝❛ ❞❡ ❧❛ ✉♥✐✈❡rs✐❞❛❞ t❡❝♥♦❧ó❣✐❝❛ ❞❡ ❇❛♥❣✲
❦♦❦ r❡❛❧✐③❛r♦♥ ❡❧ ❡st✉❞✐♦ ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ✉♥ ♣❡q✉❡ñ♦ ❤❡❧✐❝ó♣t❡r♦ ❝♦♥ ❣❛♥❛♥❝✐❛
Pr♦♣♦r❝✐♦♥❛❧✲❉❡r✐✈❛t✐✈♦ ❝♦♥tr♦❧ ❞❡❧ á♥❣✉❧♦ ✭P❉✮ ❞❡ ❡❧❡✈❛❝✐ó♥ ❡♥ ❡❧ ✈✐❡♥t♦✳ ▲❛s ❛❝t✉❛❝✐♦✲
♥❡s ❞❡ ❝♦♥tr♦❧ P❉ s❡ ♦❜s❡r✈❛♥ ❡♥ ❡❧ ✈✐❡♥t♦ ❝♦♥ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ ❣❛♥❛♥❝✐❛ ❞❡ ❝♦♥tr♦❧
P ♣❛r❛ r❡❝♦♣✐❧❛r ❞❛t♦s ♣❛r❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❝♦♠♣❡♥s❛❞♦r ❛❞❡❝✉❛❞♦ q✉❡ ❧♦s ❡❢❡❝t♦s
❞❡❧ ✈✐❡♥t♦ s❡ ❝♦♥s✐❞❡r❛♥ ❞✐r❡❝t❛♠❡♥t❡✳ ❯t✐❧✐③❛r♦♥ ❧❛ ♣r✉❡❜❛ ❞❡ tú♥❡❧ ❞❡ ✈✐❡♥t♦ ❝♦♥ ❧❛
té❝♥✐❝❛ ❞❡ ❞✐♥á♠✐❝❛ q✉❡ s❡ ❧❧❡✈ó ❛ ❝❛❜♦ ❡♥ ❧✉❣❛r ❞❡ ♣r✉❡❜❛s ❞❡ ✈✉❡❧♦ ♣❛r❛ s✐♠✉❧❛r ❡❧
✈✐❡♥t♦ ♣❛r❛ ❛t❛❝❛r ❧❛ ❝♦♥❞✐❝✐ó♥ ❝♦♥ s❡❣✉r✐❞❛❞ ❡♥ ❝❛s♦ ❞❡ q✉❡ ❡❧ ❤❡❧✐❝ó♣t❡r♦ s❡ ✈♦❧✈✐❡r❛
✐♥❡st❛❜❧❡✳ ❈♦♥ ❜❛s❡ ❡♥ ❧♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛❧❡s✱ ❝♦♥str✉②❡r♦♥ ❡❧ ❝♦♥tr♦❧ ❞❡❧ á♥❣✉❧♦
❞❡ ❝❛❜❡❝❡♦ P❉ ❝♦♥ ✈❛❧♦r ❞❡ ❣❛♥❛♥❝✐❛ ❞❡ ❝♦♥tr♦❧ P ✈❛r✐❛❜❧❡✳ ❊♥ ❝♦♥❞✐❝✐♦♥❡s s✐♥ ✈✐❡♥t♦
❡st❡ ♠ét♦❞♦ ❞❡ ❝♦♥tr♦❧ ♣r♦♣✉❡st♦ ✉t✐❧✐③❛❜❛ ✉♥ ❛❧t♦ ✈❛❧♦r ❞❡ ❣❛♥❛♥❝✐❛ ❞❡ ❝♦♥tr♦❧ P ♣❛r❛
r❡❞✉❝✐r ❡❧ ❡rr♦r ❞❡ ❡st❛❞♦ ❡st❛❝✐♦♥❛r✐♦✳ ❨ ❡♥ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ✈✐❡♥t♦ ✈❛r✐❛❜❧❡s ❡st❡ ♠ét♦❞♦
❝❛♠❜✐♦ ♣❛r❛ ✉t✐❧✐③❛r ❡❧ ✈❛❧♦r ♠ás ❜❛❥♦ ❞❡ ❣❛♥❛♥❝✐❛ ❞❡ ❝♦♥tr♦❧ P ♣❛r❛ ❡✈✐t❛r ❧❛ ♦s❝✐❧❛❝✐ó♥✳
▲♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ✈❡r✐✜❝❛❝✐ó♥ ♠♦str❛r♦♥ r❡s♣✉❡st❛s ❞❡ ❝♦♥tr♦❧ ❢❛✈♦r❛❜❧❡s ❬✷✹❪✳

✷✵❋✉❡♥t❡✿ ❖❙P■◆❆ ❆▲❆❘❈Ó◆✱ ▼❛♥✉❡❧✳ ❉✐s❡ñ♦ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧ ♠✉❧t✐✈❛r✐❛❜❧❡ ♣❛r❛ ✉♥
❝✐r❝✉✐t♦ ❞❡ ♠♦❧✐❡♥❞❛ ❡♥ ❤ú♠❡❞♦✳ ▼❡❞❡❧❧í♥✿ ✷✵✵✾✳
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❘❡❛❧✐③❛♥❞♦ ✉♥ ❛♥á❧✐s✐s ❛ ❧♦s ❛♥t❡❝❡❞❡♥t❡s✱ ♥♦ s❡ ❡♥❝♦♥tró ♥✐♥❣✉♥♦ q✉❡ r❡❛❧✐③❛r❛ ✉♥❛
❝♦♥str✉❝❝✐ó♥✱ ✉♥ ♠♦❞❡❧❛♠✐❡♥t♦✱ ② ✉♥ ❝♦♥tr♦❧ ✉s❛♥❞♦ ✈❛r✐❛s té❝♥✐❝❛s ♣❛r❛ ✉♥ ❤❡❧✐❝ó♣t❡✲
r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✱ ♣♦r ❧♦ q✉❡ ❡st❡ tr❛❜❛❥♦ ❜✉s❝❛ r❡❛❧✐③❛r t♦❞❛s ❡s❛s t❛r❡❛s ❛❧
♠✐s♠♦ t✐❡♠♣♦✳ Pr♦♣♦r❝✐♦♥❛♥❞♦ ✉♥❛ ❢✉❡rt❡ ❝♦♥tr✐❜✉❝✐ó♥ ❛ ❧♦ q✉❡ ②❛ ❤❛♥ ✈❡♥✐❞♦ tr❛❜❛✲
❥❛♥❞♦✳ ▲❛ ❝♦♥str✉❝❝✐ó♥ ❞❡❧ ❤❡❧✐❝ó♣t❡r♦ ❜✉s❝❛ ❝♦♠♣❡t✐r ❝♦♥ ❡❧ q✉❡ ❞❡s❛rr♦❧❧♦ ❧❛ ❝♦♠♣❛ñí❛
◗✉❛♥s❡r✱ ♣r♦♣♦r❝✐♦♥❛♥❞♦ ✉♥❛ ❜✉❡♥❛ ❝❛❧✐❞❛❞ ❞❡ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ② ♣r♦t❡❝❝✐ó♥ ❛❧ ✉s✉❛r✐♦✱
♣❛r❛ q✉❡ ❢✉t✉r♦s ❡st✉❞✐❛♥t❡s ♣r♦❢✉♥❞✐❝❡♥ s✉s ❡st✉❞✐♦s ❡♥ té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧ ♠✉❧t✐✈❛✲
r✐❛❜❧❡s ♣♦r ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦✳
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✹✳ ❉❊❙❆❘❘❖▲▲❖ ■◆●❊◆■❊❘■▲

✹✳✶✳ ■▼P▲❊▼❊◆❚❆❈■Ó◆ ❊▲❊❈❚❘Ó◆■❈❆

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❡❧❡❝tró♥✐❝♦ q✉❡ s✉st❡♥t❛ ❡❧ ❤❡❧✐❝ó♣t❡r♦✳ ▲♦s
s❡♥s♦r❡s s♦♥ ❞❡ ✈✐t❛❧ ✐♠♣♦rt❛♥❝✐❛✱ ❞❛❞♦ q✉❡ ❞❛rá♥ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡❧ ♣♦s✐❝✐♦♥❛♠✐❡♥t♦
❞❡ ❝❛❞❛ á♥❣✉❧♦ ② s♦♥ ❧♦s r❡❣✐str♦s ❞❡ ❡♥tr❛❞❛ ♣❛r❛ r❡❛❧✐③❛r ❡❧ ❝♦♥tr♦❧✱ ❧♦s ❛❝t✉❛❞♦r❡s
t✐❡♥❡♥ ❧❛ ❧❛❜♦r ❞❡ ✐♥❝♦r♣♦r❛r ❡❧ ♠♦✈✐♠✐❡♥t♦ r❡s♣❡❝t✐✈♦ ❛ ❧♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ❝♦♥ ❧❛
s❡ñ❛❧ q✉❡ ♣r♦✈✐❡♥❡ ❞❡❧ ❝♦♥tr♦❧❛❞♦r✳ P❛r❛ ❝♦♠♣❧❡t❛r ❡❧ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ s❡ t✐❡♥❡ ❡♥ ❝✉❡♥t❛
❡❧ ♠♦❞♦ q✉❡ s❡ ✈❛ ❛ ❛❞q✉✐r✐r ② r❡❣✐str❛r ❧♦s ❞❛t♦s ♣❛r❛ ✉♥ rá♣✐❞♦ ❢✉♥❝✐♦♥❛♠✐❡♥t♦✳

✹✳✶✳✶✳ ❙❡♥s♦r❡s

❈♦♠♦ ❡s ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❡❧ ❤❡❧✐❝ó♣t❡r♦ ❝✉❡♥t❛ ❝♦♥ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ❧♦s
❝✉❛❧❡s ❞❡❜❡♥ s❡r ♠❡❞✐❞♦s ❝♦♥st❛♥t❡♠❡♥t❡ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ s❡♥s♦r✱ ♣❛r❛ ♦❜t❡♥❡r ❡❧ ✈❛❧♦r
❞❡ ❝❛❞❛ á♥❣✉❧♦✱ ❞❛❞♦ q✉❡ ❡st♦s ✈❛❧♦r❡s s♦♥ ❧❛s ❡♥tr❛❞❛s ♣❛r❛ ❡❧ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧✳

❊❧ s❡♥s♦r ❞❡t❡❝t❛ ❧❛ ♠❛❣♥✐t✉❞ ❢ís✐❝❛ ② ❧❛ tr❛♥s❢♦r♠❛ ❡♥ ✉♥❛ ✈❛r✐❛❜❧❡ ❡❧é❝tr✐❝❛✱ ❧❛ ❝✉❛❧
s❡ ❛♥❛❧✐③❛ ② ♥♦s ❛rr♦❥❛ t♦❞♦s ❧♦s ❞❛t♦s ♥❡❝❡s❛r✐♦s ♣❛r❛ s❛❜❡r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧
s✐st❡♠❛✳ P❛r❛ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡❧ s❡♥s♦r s❡ ❞❡❜❡ t❡♥❡r ❡♥ ❝✉❡♥t❛ s✉ ❢♦r♠❛ ❞❡ ❛❝♦♣❧❛♠✐❡♥t♦
✭✐♥st❛❧❛❝✐ó♥✮✱❧✐♥❡❛❧✐❞❛❞ ❞❡ ❧❛ r❡s♣✉❡st❛✱ ❡♥tr❡ ♦tr♦s ❛s♣❡❝t♦s✳

❙❡♥s♦r ❈❛r❛❝t❡ríst✐❝❛s

P♦t❡♥❝✐♦♠❡tr♦
❧✐♥❡❛❧

· ❘❡s♣✉❡st❛ ❧✐♥❡❛❧

· ❆❧t♦ ❝♦st♦ s❡❣ú♥ ❡❧ ♠❡r❝❛❞♦ ❛❝t✉❛❧ ❡♥ ❝♦♠♣♦♥❡♥t❡s
❡❧❡❝tró♥✐❝♦s

P♦t❡♥❝✐♦♠❡tr♦

· ❘❡s♣✉❡st❛ ❧♦❣❛r✐t♠✐❝❛

· ❇❛❥♦ ❝♦st♦ s❡❣ú♥ ❡❧ ♠❡r❝❛❞♦ ❛❝t✉❛❧ ❡♥ ❝♦♠♣♦♥❡♥t❡s
❡❧❡❝tró♥✐❝♦s

❊♥❝♦❞❡rs

· ❘❡s♣✉❡st❛ ❡♥ ❢r❡❝✉❡♥❝✐❛

· ❯❜✐❝❛❝✐ó♥ s❡♥t✐❞♦ ❞❡ ❣✐r♦

· ❉❡t❡r♠✐♥❛ ✈❡❧♦❝✐❞❛❞✱ ❧♦♥❣✐t✉❞ ♦ ♣♦s✐❝✐ó♥

❈✉❛❞r♦ ✶✿ ❈❛r❛❝t❡ríst✐❝❛s s❡♥s♦r❡s✳
✷✶

✷✶❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✸✻



❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣❛rt✐❝✉❧❛r✐❞❛❞❡s ❞❡ ❧♦s s❡♥s♦r❡s✱ s❡ s❡❧❡❝❝✐♦♥ó ❡❧
♣♦t❡♥❝✐ó♠❡tr♦ ❧✐♥❡❛❧ ❞❛❞♦ q✉❡ ❡s ✉♥ ❞✐s♣♦s✐t✐✈♦ ❝❛♣❛③ ❞❡ ♠❡❞✐r ❧❛ ♣♦s✐❝✐ó♥ ❛♥❣✉❧❛r ❝♦♥
✉♥❛ ❛❧t❛ ♣r❡❝✐s✐ó♥ ② ✉♥❛ r❡s♣✉❡st❛ ❧✐♥❡❛❧✳ ❊❧ s❡♥s♦r s❡ ❛❧✐♠❡♥t❛ ❝♦♥ ✺ ✈♦❧t✐♦s ❡♥ ❧♦s
t❡r♠✐♥❛❧❡s ❧❛t❡r❛❧❡s ♣❛r❛ r❡❛❧✐③❛r ✉♥ ❞✐✈✐s♦r ❞❡ ✈♦❧t❛❥❡✱ ♣♦rq✉❡ ❝♦♥ ❡st❛ ❝♦♥✜❣✉r❛❝✐ó♥
r❡♣❛rt❡ ❧❛ t❡♥s✐ó♥ ❡♥tr❡ ❧❛s ❞♦s r❡s✐st❡♥❝✐❛s q✉❡ s❡ ❣❡♥❡r❛♥ ❡♥ ❡❧ ♣♦t❡♥❝✐ó♠❡tr♦ ❛ ♠❡❞✐❞❛
q✉❡ s❡ ♠✉❡✈❡ ❧❛ ♣❡r✐❧❧❛✳

▲♦s ♠♦✈✐♠✐❡♥t♦s ❞❡ ❝❛❞❛ á♥❣✉❧♦ s❡rá♥ ❧✐♠✐t❛❞♦s✱②❛ q✉❡ ❝❛❞❛ ✉♥♦ t❡♥❞rá ✉♥ r❛❞✐♦ ❞❡
❣✐r♦ út✐❧✱ ♣✐t❝❤ t❡♥❞rá ✉♥ ♠♦✈✐♠✐❡♥t♦ ❧✐❜r❡ ❞❡ ✼✵◦ ② ②❛✇ ❞❡ ✶✽✵◦✱ ♣♦r ❧♦ ❝✉❛❧ s❡ ❡❧✐❣✐ó
✉♥ ♣♦t❡♥❝✐ó♠❡tr♦ ❞❡ 1KΩ ② 50KΩ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡st♦ ❝♦♥ ❡❧ ✜♥ ❞❡ t❡♥❡r ✉♥❛ ♠❛②♦r
r❡s♦❧✉❝✐ó♥ ❡♥ ❡❧ r❡❣✐str♦ ❞❡ ❧♦s ❞❛t♦s✳

✹✳✶✳✷✳ ❆❝t✉❛❞♦r❡s

▼♦t♦r ❈❛r❛❝t❡ríst✐❝❛s

▼♦t♦r ❉❈

· ❋á❝✐❧ ❝♦♥tr♦❧✳

· ❆❧t❛ ✈❡❧♦❝✐❞❛❞ ✭✶✵✵✵✲✺✵✵✵r♣♠ ❛ ✶✷❱✮✱ ❜❛❥♦ t♦rq✉❡ ✭✶✵ ❛ ✷✵ ♠◆✮
② ✈✐❝❡✈❡rs❛

· ■♥✈❡rs✐ó♥ ❞❡ ♠❛r❝❤❛✳

· ❉❡✈✉❡❧✈❡♥ ❡♥❡r❣í❛ ❛ ❧❛ ❧í♥❡❛ ❛❝t✉❛♥❞♦ ❝♦♠♦ ❣❡♥❡r❛❞♦r✳

▼♦t♦r
❇r✉s❤❧❡ss

· ❘❛♥❣♦ ❞❡ ✈❡❧♦❝✐❞❛❞ ❡❧❡✈❛❞❛ ❛❧ ♥♦ t❡♥❡r ❧✐♠✐t❛❝✐ó♥ ♠❡❝á♥✐❝❛✳
✭✶✸✵✵✵✲✷✵✵✵✵r♣♠ ✮

· ▼❡♥♦r r✉✐❞♦ ❡❧❡❝tró♥✐❝♦✳

· ▼❛②♦r ❡✜❝✐❡♥❝✐❛ ♣♦r t❡♥❡r ♠❡♥♦r ♣❡r❞✐❞❛ ❞❡ ❡♥❡r❣í❛ ❛❧ ♥♦ t❡♥❡r
❡s❝♦❜✐❧❧❛s ② ❛ s✉ ✈❡③ ❜❛❥♦ ♠❛♥t❡♥✐♠✐❡♥t♦✳

· ▼❡♥♦r ♣❡s♦ ♣❛r❛ ❧❛ ♠✐s♠❛ ♣♦t❡♥❝✐❛✳

· ❘❡❧❛❝✐ó♥ ✈❡❧♦❝✐❞❛❞✴♣❛r ♠♦t♦r ❡s ❝❛s✐ ✉♥❛ ❝♦♥st❛♥t❡✳

❈✉❛❞r♦ ✷✿ ❈❛r❛❝t❡ríst✐❝❛s ▼♦t♦r❡s✳ ✷✷

▲♦s ♠♦t♦r❡s ❜r✉s❤❧❡ss ♦ s✐♥ ❡s❝♦❜✐❧❧❛s ❡stá♥ ❝♦♠♣✉❡st♦s ♣♦r ✉♥❛ ♣❛rt❡ ♠ó✈✐❧ q✉❡ ❡s
❡❧ r♦t♦r✱ ❞♦♥❞❡ s❡ ❡♥❝✉❡♥tr❛♥ ❧♦s ✐♠❛♥❡s ♣❡r♠❛♥❡♥t❡s✱ ② ✉♥❛ ♣❛rt❡ ✜❥❛✱ ❞❡♥♦♠✐♥❛❞❛
❡st❛t♦r ♦ ❝❛r❝❛s❛✱ s♦❜r❡ ❧❛ ❝✉❛❧ ✈❛♥ ❞✐s♣✉❡st♦s ❧♦s ❜♦❜✐♥❛❞♦s ❞❡ ❤✐❧♦ ❝♦♥❞✉❝t♦r✳ ❊♥ ❧❛
❋✐❣✉r❛ ✶✻❛ s❡ ♦❜s❡r✈❛ ❧♦s ❜♦❜✐♥❛❞♦s✱ ❧♦s ✐♠❛♥❡s ♣❡r♠❛♥❡♥t❡s✱ ❡❧ r♦t♦r ② ❡❧ ❡st❛t♦r✳

✷✷❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✸✼



P❛r❛ t❡♥❡r ✉♥❛ r❡s♣✉❡st❛ rá♣✐❞❛ ❞❡❧ s✐st❡♠❛ ❡s ♥❡❝❡s❛r✐♦ ❝♦♥t❛r ❝♦♥ ✉♥ ♠♦t♦r q✉❡
❝✉♠♣❧❛ ❡st❛ ✜♥✱ ❧♦s ❜r✉s❤❧❡ss ❢✉♥❝✐♦♥❛♥ ❛ ❛❧t❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡♣❡♥❞✐❡♥❞♦ ❞❡❧ ❑✈✱ ❧❛ ❝✉❛❧
❡s ❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❜ás✐❝❛ ❞❡ ❡st❡ t✐♣♦ ❞❡ ♠♦t♦r❡s✳ ❊st❛ ❝♦♥st❛♥t❡ r❡♣r❡s❡♥t❛ ❧❛ ❝❛♥t✐✲
❞❛❞ ❞❡ ✈✉❡❧t❛s ✭❘P▼✮ q✉❡ ❣❡♥❡r❛ ❡❧ ♠♦t♦r ♣♦r ❝❛❞❛ ✈♦❧t✐♦ ❛♣❧✐❝❛❞♦ ❛❧ ❊❙❈ ✭♣♦r s✉s
s✐❣❧❛s ❡♥ ✐♥❣❧❡s ❊❧❡❝tr♦♥✐❝ ❙♣❡❡❞ ❈♦♥tr♦❧❧❡r✮✱ ❡s ❞❡❝✐r✱ q✉❡ s✐ s❡ t✐❡♥❡ ♣♦r ❡❥❡♠♣❧♦ ✉♥
♠♦t♦r ❜r✉s❤❧❡ss ❞❡ ✸✵✵✵❦❱✱ ② s❡ ❧❡ ❛♣❧✐❝❛ ❛ s✉s ❜♦r♥❡s ✶✵ ✈♦❧t✐♦s✱ ❧❛ ✈❡❧♦❝✐❞❛❞ s❡rá ❞❡
✸✵✵✵✵r♣♠✳ ❙❡ ❞❡❜❡ t❡♥❡r ❡♥ ❝✉❡♥t❛ q✉❡ ❛ ♠❛②♦r❡s ✈❛❧♦r❡s ❞❡❧ ❑✈✱ ♠❛②♦r ✈❡❧♦❝✐❞❛❞✱ ♣❡r♦
♠❡♥♦r❡s ✈❛❧♦r❡s ❞❡ ♣❛r ② ✈✐❝❡✈❡rs❛✳

❊❧ ♠♦t♦r s❡❧❡❝❝✐♦♥❛❞♦ ❢✉❡ ✉♥ ❇▼✷✽✶✺❆ q✉❡ t✐❡♥❡ ✉♥ ❑✈ ❞❡ 1100 ② r❡q✉✐❡r❡ ✉♥ ❊❙❈
❞❡ 30A ✭❆♠♣❡r✐♦s✮ ❞❡ s❛❧✐❞❛✳ ▲♦s ❊❙❈ s♦♥ ✉♥ ❝✐r❝✉✐t♦ ❡❧❡❝tró♥✐❝♦ ❝♦♥ ❧❛ ✜♥❛❧✐❞❛❞ ❞❡
✈❛r✐❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ♠♦t♦r❡s ❡❧é❝tr✐❝♦s s✐♥ ❡s❝♦❜✐❧❧❛s ♣♦r ♠❡❞✐♦ ❞❡ P❲▼✱ s✉ ❞✐r❡❝❝✐ó♥
② ♣♦s✐❜❧❡♠❡♥t❡ t❛♠❜✐é♥ ❛❝t✉❛r ❝♦♠♦ ✉♥ ❢r❡♥♦ ❞✐♥á♠✐❝♦❀ ❣❡♥❡r❛❧♠❡♥t❡ ❛❝❡♣t❛♥ ✉♥❛ ❢r❡✲
❝✉❡♥❝✐❛ ♥♦♠✐♥❛❧ ❞❡ ✺✵❍③ ❞❡❧ P❲▼ ❝✉②❛ s❡ñ❛❧ ❞❡ ♣✉❧s♦ ✈❛rí❛ ❞❡ ✶ ♠s ❛ ✷ ♠s✳ ❙❡ ✉t✐❧✐③❛♥
❛ ♠❡♥✉❞♦ ❡♥ ❧♦s ♠♦❞❡❧♦s ❡❧é❝tr✐❝♦s r❛❞✐♦ ❝♦♥tr♦❧❛❞♦s✱ ❝♦♥ ❧❛ ✈❛r✐❡❞❛❞ ♠ás ✉t✐❧✐③❛❞❛ ♣❛✲
r❛ ♠♦t♦r❡s ❜r✉s❤❧❡ss✱ ❡s❡♥❝✐❛❧♠❡♥t❡ ❣❡♥❡r❛❞❛ ❡❧❡❝tró♥✐❝❛♠❡♥t❡ ♣♦r ✉♥❛ ❢✉❡♥t❡ tr✐❢ás✐❝❛
❞❡ ❡♥❡r❣í❛ ❡❧é❝tr✐❝❛ ❞❡ ❜❛❥♦ ✈♦❧t❛❥❡ ② ❛❧t♦ ❛♠♣❡r❛❥❡ ♣❛r❛ ❡❧ ♠♦t♦r✳

✭❛✮ ▼♦t♦r ❜r✉s❤❧❡ss✳ ✭❜✮ ❈♦♥tr♦❧ ❡❧❡❝tró♥✐❝♦ ❞❡ ✈❡❧♦❝✐❞❛❞✳

❋✐❣✉r❛ ✶✻✿ ❈♦♠♣♦♥❡♥t❡s ♠♦t♦r ❊❙❈✳

✷✸ ✷✹

✹✳✶✳✸✳ ❆❞q✉✐s✐❝✐ó♥ ❞❡ ❞❛t♦s

❙❡ ✉t✐❧✐③❛ ❧❛ t❛r❥❡t❛ ❞❡ ❛❞q✉✐s✐❝✐ó♥ ❞❡ ❞❛t♦s ❞❡ ◆❛t✐♦♥❛❧ ■♥str✉♠❡♥ts P❈■✻✵✶✹✱ ❧❛ ❝✉❛❧
♣♦s❡❡ ✽ ❡♥tr❛❞❛s ② s❛❧✐❞❛s ❞✐❣✐t❛❧❡s✱ ✷ t✐♠❡rs ② ✉♥ tr✐❣❣❡r ❞✐❣✐t❛❧✳ ❚✐❡♥❡ ❝♦♠♦ ❝❛r❛❝t❡✲
ríst✐❝❛s ❞❡ ❡♥tr❛❞❛✱ ✶✻ ❡♥tr❛❞❛s ❛♥á❧♦❣❛s✱ r❡s♦❧✉❝✐ó♥ ❞❡ ✶✻ ❜✐ts ❝♦♥ ✉♥❛ ❢r❡❝✉❡♥❝✐❛ ❞❡
♠✉❡str❡♦ ❞❡ ✷✵✵ kS/s✱ ✈♦❧t❛❥❡ ❞❡ ± ✵✳✵✺ ❛ ± ✶✵❱✳ ❊♥ ❝✉❛♥t♦ ❛ ❧♦s ♣✉❡rt♦s ❛♥á❧♦❣♦s ❞❡
❡♥tr❛❞❛ ✉s❛❞♦s✱ s❡ ❤✐③♦ ✉s♦ ❞❡ ❞♦s✱ ❡st❛s t✐❡♥❡ ✉♥❛ t❛③❛ ❞❡ ♠✉❡str❡♦ ❞❡ ✷✵✵✳✵✵✵ ❞❛t♦s
❛ ✶✻ ❜✐ts ♣♦r s❡❣✉♥❞♦ ❝❛❞❛ ✉♥♦ ♦ ✉♥❛ t❛③❛ ♠❛②♦r ❞❡ ✸✳✷ Mbaudios✳ ❙❡ ✉s❛♥ ✷ s❛❧✐❞❛s

✷✸❋✉❡♥t❡✿ ❚♦♠❛❞❛ ② ❡❞✐t❛❞❛ ❡❧ ✶✵ ❞❡ ❙❡♣t✐❡♠❜r❡ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥
❤tt♣✿✴✴✇✇✇✳❝♦❝❤❡sr❝✳❝♦♠✴❛tt❛❝❤♠❡♥ts✴s♥❛♣✺✵✹✳❥♣✲❢✶✶✻✹✹

✷✹❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✶✵ ❞❡ ❙❡♣t✐❡♠❜r❡ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥ ❤tt♣✿✴✴❡❝①✳✐♠❛❣❡s✲
❛♠❛③♦♥✳❝♦♠✴✐♠❛❣❡s✴■✴✹✶❋❲✻❯❝❩♣❢▲✳❴❙❨✸✵✵❴✳❥♣❣

✸✽



❞✐❣✐t❛❧❡s ❡♥ ❢r❡❝✉❡♥❝✐❛ ❝♦♥ ✉♥❛ r❡s♦❧✉❝✐ó♥ ❞❡ ✶✻ ❜✐ts✱ ✉♥❛ ❢r❡❝✉❡♥❝✐❛ ❞❡ ♠✉❡str❡♦ ❞❡ ✶✵
kS/s✱ ✈♦❧t❛❥❡ ❞❡ ± ✶✵❱✱ ❡st❛s s♦♥ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ✉s❛❞❛s ♣❛r❛ ❧❛ ❧❡❝t✉r❛ ② ❡♥✈✐ó ❞❡
❞❛t♦s ❡♥ ❧❛ ❝♦♠✉♥✐❝❛❝✐ó♥ P❈■✲✻✵✶✹ ✴ ▼❛t❧❛❜ ❘©✱ ❛❞✐❝✐♦♥❛❧ ❛ ❡st♦ ❧♦s ♠♦t♦r❡s ❢✉♥❝✐♦♥❛♥
❛ ✉♥❛ ❢r❡❝✉❡♥❝✐❛ ❞❡ ✷✺✵ ❛ ✸✵✵ ❍③✱ ② s❡ t♦♠❛♥ ❞❛t♦s ❝❛❞❛ ✶ ms✳

❊♥ ❧❛ ❋✐❣✉r❛ ✶✼ s❡ ♠✉❡str❛ ❝♦♠♦ ❧❛ t❛r❥❡t❛ r❡❛❧✐③❛ ❧❛ ❝♦♠✉♥✐❝❛❝✐ó♥ ❡♥tr❡ ❡❧ ♠ó❞✉❧♦
❞❡ ❝♦♥tr♦❧ ② ❧❛ ❤❡rr❛♠✐❡♥t❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ▼❛t❧❛❜✲❙✐♠✉❧✐♥❦ ❘©✱ ♣♦r ♠❡❞✐♦ ❞❡❧ ♣❛q✉❡t❡
❞❡ r❡❛❧ t✐♠❡ t❛r❣❡t ✏❈♦♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❛❞q✉✐s✐t✐♦♥ ❞❛t❛ ✐♥ r❡❛❧ t✐♠❡✑✳ ❙❡ ✉s❛♥ ❧❡❝t♦r❡s
❛♥á❧♦❣♦s ♣❛r❛ ❧❛ ❛❞q✉✐s✐❝✐ó♥ ❞❡ ❞❛t♦s ❞❡ ❧♦s s❡♥s♦r❡s ② ❧♦s ♣✉❡rt♦s ❞❡ ❢r❡❝✉❡♥❝✐❛s ♣❛r❛
❧❛s s❛❧✐❞❛s✱ ❧❛s ❝✉❛❧❡s ✈❛rí❛♥ ❡❧ P❲▼ q✉❡ ♥❡❝❡s✐t❛♥ ❧♦s ♠♦t♦r❡s ♣❛r❛ ❛✉♠❡♥t❛r ♦ ❞✐s♠✐✲
♥✉✐r s✉s ✈❡❧♦❝✐❞❛❞❡s✳ ❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r s❡ ✉s❛ ✉♥ ♠ó❞✉❧♦ ❞❡ ❝♦♥tr♦❧ ♣❛r❛ r❡❛❧✐③❛r
✉♥ ♣r❡❝♦♥tr♦❧ ❡♥ ❧❛③♦ ❛❜✐❡rt♦ ♣❛r❛ ❜✉s❝❛r ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡❧ ❤❡❧✐❝ó♣t❡r♦✱ ❞❡ ✐❣✉❛❧ ❢♦r♠❛
s❡ ♠✉❡str❛♥ ❧♦s ❝♦♥❡❝t♦r❡s ❞❡ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ② ❞❡ r❡❢❡r❡♥❝✐❛✳ ❉❡ ❡st❛ ❢♦r♠❛ s❡ ♣♦❞rá
❛♣❧✐❝❛r ❧❛s tr❡s té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧ ♣❧❛♥t❡❛❞❛s✳

❋✐❣✉r❛ ✶✼✿ ❉✐❛❣r❛♠❛ ❞❡ ❝♦♥❡①✐ó♥ ❡♥ ❙✐♠✉❧✐♥❦✳ ✷✺

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ ❡❧ ❤❡❧✐❝ó♣t❡r♦ ❡s ❞❡ ❜❛s❡ ✜❥❛✱ s❡ ✉t✐❧✐③❛ ✉♥❛ ❝❛❥❛ ❝♦♠♦ ♠ó✲
❞✉❧♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❡❧❡❝tró♥✐❝♦s ❡♥ ❞♦♥❞❡ s❡ ✉❜✐❝❛ ❧♦s ❊❙❈✱ ✉♥❛ ❢✉❡♥t❡ ❝♦♥♠✉t❛❞❛
✐♥❞✉str✐❛❧ ❞❡ ✶✷❱ ❛ ✶✵❆✱ ✉♥ ✈❡♥t✐❧❛❞♦r ❞❡ ✶✷❱ ♣❛r❛ ❞✐s✐♣❛❝✐ó♥ ❞❡❧ ❝❛❧♦r ② ❧❛ ❝♦♥❡①✐ó♥
❛❧ ♣✉❡rt♦ P❈■ q✉❡ ❝♦♠✉♥✐❝❛ ❛ ❧❛ t❛r❥❡t❛✳ ❊♥ ❧❛ ♣❛rt❡ ❢r♦♥t❛❧ ❧✉❝❡ ✶ ✐♥t❡rr✉♣t♦r ② ✽
❜♦r♥❡r❛s ❧❛s ❝✉❛❧❡s s❡ ✐❧✉str❛♥ ❡♥ ❧❛ ❋✐❣✉r❛ ✶✽ ❞♦♥❞❡ ❝❛❞❛ ❝♦♥❡①✐ó♥ ❡s✿

✲ ❖✉t♣✉t ❨❛✇ ✿ ❙❛❧✐❞❛ ❛♥á❧♦❣❛ ❞❡❧ s❡♥s♦r ②❛✇✳
✲ ❖✉t♣✉t P✐t❝❤ ✿ ❙❛❧✐❞❛ ❛♥á❧♦❣❛ ❞❡❧ s❡♥s♦r ♣✐t❝❤✳
✲ ■♥♣✉t ❨❛✇ ✿ ❊♥tr❛❞❛ ❞❡ ❛❧✐♠❡♥t❛❝✐ó♥ ❊❙❈ ♠♦t♦r ②❛✇✳
✲ ■♥♣✉t P✐t❝❤ ✿ ❊♥tr❛❞❛ ❞❡ ❛❧✐♠❡♥t❛❝✐ó♥ ❊❙❈ ♠♦t♦r P✐t❝❤✳
✲ ✺❱✿ ❊♥tr❛❞❛ ❞❡ ✺ ✈♦❧t✐♦s✳
✲ ✶✷❱✿ ❙❛❧✐❞❛ ❛✉①✐❧✐❛r ❞❡ ✶✷ ✈♦❧t✐♦s✳

✷✺❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✸✾



❋✐❣✉r❛ ✶✽✿ ▼ó❞✉❧♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❡❧❡❝tró♥✐❝♦s✳✷✻

❋✐❣✉r❛ ✶✾✿ ❊sq✉❡♠❛ ❞❡ ❝♦♥❡①✐♦♥❡s✳ ✷✼

▲❛ ❋✐❣✉r❛ ✶✾ ♠✉❡str❛ ❝ó♠♦ ❡stá ❧❛ ❝♦♥❡①✐ó♥ ❞❡ ❧♦s ❝♦♠♣♦♥❡♥t❡s ✉t✐❧✐③❛❞♦s ❡♥ ❡❧ ❤❡❧✐❝ó♣✲
t❡r♦ ❉●▲✳ ❊❧ ❝♦♠♣✉t❛r t✐❡♥❡ ❝♦♥❡❝t❛❞❛ ✐♥t❡r♥❛♠❡♥t❡ ✉♥❛ t❛r❥❡t❛ P❈■ ✻✵✶✹ ❞❡ ◆❛t✐♦♥❛❧
■♥str✉♠❡♥ts ❘©✱ ❧❛ ❝✉❛❧ ❡stá ❧✐❣❛❞❛ ❛ ❧❛ ❤❡rr❛♠✐❡♥t❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ▼❛t❧❛❜✲❙✐♠✉❧✐♥❦ ❘©
♣♦r ♠❡❞✐♦ ❞❡❧ ❘❡❛❧ ❚✐♠❡ ❚❛r❣❡t✱ ❡st♦ ♣❡r♠✐t❡ ❣❡♥❡r❛r ✉♥❛ ❝♦♠✉♥✐❝❛❝✐ó♥ ❡♥tr❡ ▼❛t❧❛❜ ❘©
✲ ▼♦❞✉❧♦ ❞❡ ❝♦♥tr♦❧ ♣♦r ♠❡❞✐♦ ❞❡ ❞♦s ❡♥tr❛❞❛s ❛♥❛❧ó❣✐❝❛s q✉❡ ❝♦♥❡❝t❛♥ ❧♦s ❞♦s s❡♥s♦r❡s
✭♣♦t❡♥❝✐ó♠❡tr♦s ❧✐♥❡❛❧❡s✮ ✉t✐❧✐③❛❞♦s✳ ▲♦s ❞♦s ♠♦t♦r❡s s✐♥ ❡s❝♦❜✐❧❧❛s ❡stá♥ ❝♦♥❡❝t❛❞♦s ❛
❞♦s ❝♦♥tr♦❧❛❞♦r❡s ❞❡ ✈❡❧♦❝✐❞❛❞ ② ❡st♦s ❛ s✉ ✈❡③ ❛ ✉♥❛ ❢✉❡♥t❡ ❞❡ ❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ✶✷ ✈♦❧✲
t✐♦s ❛ ✶✵ ❛♠♣❡r✐♦s ② s✉s s❛❧✐❞❛s ❞✐❣✐t❛❧❡s ❡stá♥ ❝♦♥❡❝t❛❞❛s ❛ ❞♦s ♣✉❡rt♦s ❞❡ ❢r❡❝✉❡♥❝✐❛
❈❚❘✵ ② ❈❚❘✶ ❞❡ ❧❛ t❛r❥❡t❛ P❈■ ✻✵✶✹✱ ♣r♦♣♦r❝✐♦♥❛♥❞♦ ❛sí ❛ ❧♦s ❝♦♥tr♦❧❡s ❝♦♥ ❧❛s ❞♦s
❡♥tr❛❞❛s ② ❞♦s s❛❧✐❞❛s ❞❡❧ s✐st❡♠❛ ▼■▼❖✳

✷✻❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✷✼❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✹✵



✹✳✷✳ ❉■❙❊Ñ❖ ▼❊❈➪◆■❈❖

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❡❧ ❞❡s❛rr♦❧❧♦ ♠❡❝á♥✐❝♦ ❝♦♥ s✉s r❡s♣❡❝t✐✈♦s ♠❛t❡r✐❛❧❡s ②
❝á❧❝✉❧♦s✳ ❙❡ ❡❧✐❣❡ ❡❧ ♠❛t❡r✐❛❧ ❞❡ ❛❝✉❡r❞♦ ❛ ❧❛s ❢✉❡r③❛s ❡❥❡r❝✐❞♦s s♦❜r❡ ❡❧ ❤❡❧✐❝ó♣t❡r♦ ② ❛sí
s♦♣♦rt❛r ❧❛s ❝❛r❣❛s ♠á①✐♠❛s ❡♥ ❧♦s ♣✉♥t♦s q✉❡ s❡ ❡❥❡r❝❡♥ ❡s❢✉❡r③♦s✳ ❨❛ q✉❡ ❡s ✉♥ s✐st❡♠❛
❞✐♥á♠✐❝♦ ② t✐❡♥❡ ✉♥ ❝♦♥st❛♥t❡ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❧♦s r♦❞❛♠✐❡♥t♦s ❝♦♥ ♠❡❥♦r ❢✉♥❝✐♦♥❛❧✐❞❛❞
② ❞❡ ♠❛②♦r ✈✐❞❛ út✐❧✳

✹✳✷✳✶✳ ❊s❢✉❡r③♦ ❡♥ ❧❛ ✈✐❣❛

▲❛ ✈✐❣❛ s♦♣♦rt❛ ❧♦s ♠♦t♦r❡s ② ❞❡♠ás ♠❛t❡r✐❛❧❡s ❡♥ ❧♦s ❡①tr❡♠♦s✱ ❧♦s ♠❛②♦r❡s ❡s❢✉❡r③♦s s❡
♣r♦❞✉❥❡r♦♥ ❝✉❛♥❞♦ s❡ ❡♥❝♦♥tr❛❜❛ t♦t❛❧♠❡♥t❡ ❤♦r✐③♦♥t❛❧✳ P❛r❛ ♦❜t❡♥❡r ❧❛s ❢✉❡r③❛s s♦❜r❡
❧❛ ✈✐❣❛ s❡ t✉✈✐❡r♦♥ ❡♥ ❝✉❡♥t❛ ❧❛s ♠❛②♦r❡s ❝❛r❣❛s ② ❞✐❢❡r❡♥t❡s ❡❧❡♠❡♥t♦s❀ ♣♦r ❧♦ t❛♥t♦✱
s✉♠❛♥❞♦ ❡❧ ♣❡s♦ ❞❡ ❧♦s ❝❛❜❧❡s✱ t♦r♥✐❧❧♦s✱ t✉❡r❝❛s✱ ♣r♦t❡❝t♦r❡s✱ ❡♥tr❡ ♦tr♦s✱ s❡ ♦❜t✉✈♦✿

P❛r❛ ❡❧ ❡①tr❡♠♦ ❆
m1 = 1.6Kg ✭✹✳✶✮

P❛r❛ ❡❧ ❡①tr❡♠♦ ❈
m2 = 1.4Kg ✭✹✳✷✮

P❛r❛ ♦❜t❡♥❡r ❧❛ ❢✉❡r③❛ ❛ ♣❛rt✐r ❞❡❧ ♣❡s♦ s❡ r❡❛❧✐③ó ❧❛ s✐❣✉✐❡♥t❡ ❝♦♥✈❡rs✐ó♥

1Kg = 9.8N ✭✹✳✸✮

9.8N · 1.6Kg

1Kg
= 15.68N

9.8N · 1.4Kg

1Kg
= 13.72N

❚❡♥✐❡♥❞♦ ❧❛s ❢✉❡r③❛s✱ s❡ ♣r♦❝❡❞✐ó ❛ r❡❛❧✐③❛r ❧♦s ❝á❧❝✉❧♦s ❞❡ ❧♦s ❡s❢✉❡r③♦s ❣❡♥❡r❛❞♦s

❋✐❣✉r❛ ✷✵✿ ❊s❢✉❡r③♦s ❡♥ ❧❛ ✈✐❣❛✳ ✷✽

❙❡ r❡❛❧✐③ó ❧❛ s✉♠❛t♦r✐❛ ❞❡ ❢✉❡r③❛s ♣❛r❛ ♦❜t❡♥❡r RB

∑

FRB = 0

✷✽❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✹✶



−15.68N − 13.72N +RB = 0

❉❡s♣❡❥❛♥❞♦✿
RB = 29.4N

❚❡♥✐❡♥❞♦ ❡❧ ✈❛❧♦r ❞❡ RB s❡ r❡❛❧✐③ó ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❢✉❡r③❛s ② ♠♦♠❡♥t♦s

M = 13.72 ·N0.2m = 2.74Nm ✭✹✳✹✮

❋✐❣✉r❛ ✷✶✿ ❊s❢✉❡r③♦s ② ♠♦♠❡♥t♦s ❡♥ ❧❛ ✈✐❣❛✳✷✾

❈✉❛♥❞♦ s❡ ❝♦♠♣r♦❜ó ❡❧ ❞✐❛❣r❛♠❛ s❡ ♦❜t✉✈✐❡r♦♥ ❧❛s ❢✉❡r③❛s ❛♣❧✐❝❛❞❛s ② ❧♦s ♠♦♠❡♥✲
t♦s q✉❡ ❛❝tú❛♥ s♦❜r❡ ❧❛ ✈✐❣❛✳

❙❡ t✉✈♦ ❡♥ ❝✉❡♥t❛ ❧❛ r❡s✐st❡♥❝✐❛ ❛ ❧❛ ✢✉❡♥❝✐❛ ✭Sy✮ ❞❡❧ ♣♦❧✐♣r♦♣✐❧❡♥♦ q✉❡ ❡s ❞❡ 300 Kg

cm2 ❬✷✻❪✱
❡❧ ❝✉❛❧ s✐r✈✐ó ♣❛r❛ ❡✈❛❧✉❛r s✐ ❡❧ ♣♦❧✐♣r♦♣✐❧❡♥♦ r❡s✐st✐rá ❧❛s ❢✉❡r③❛s ❛♣❧✐❝❛❞❛s ♠❡♥❝✐♦♥❛❞❛s
❛♥t❡r✐♦r♠❡♥t❡✳ ❆❤♦r❛ ❜✐❡♥✱ s❡ r❡❛❧✐③❛ ❧❛ s✐❣✉✐❡♥t❡ ❝♦♥✈❡rs✐ó♥ ♣❛r❛ q✉❡ ❧❛ ✉♥✐❞❛❞ s❡❛ ❡♥
P❛s❝❛❧❡s

1
Kg

cm2
= 98100Pa

Sy =
300 Kg

cm298100Pa

1 Kg

cm2

✷✾❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✹✷



Sy = 29.93MPa ✭✹✳✺✮

❚❡♥✐❡♥❞♦ ❡❧ Sy ❞❡❧ ♣♦❧✐♣r♦♣✐❧❡♥♦ s❡ ♣r♦s✐❣✉❡ ❛ ♦❜t❡♥❡r ❡❧ ❞✐á♠❡tr♦ ♠í♥✐♠♦ ❞❡ ❧❛ ✈✐❣❛
q✉❡ s♦♣♦rt❛rá ❧❛s ❢✉❡r③❛s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❧♦s ❡①tr❡♠♦s✳

❈♦♠♦ s❡ ♦❜s❡r✈❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✷✵ ❡❧ ❡①tr❡♠♦ ❆ ❡s ❞♦♥❞❡ s❡ ❛♣❧✐❝❛ ♠ás ❢✉❡r③❛✱ ♣♦r
❧♦ ❝✉❛❧ s❡ ♣r♦❝❡❞✐ó ❛ ❤❛❧❧❛r ❡❧ ❞✐á♠❡tr♦ ♠í♥✐♠♦ ❞❡ ❡st❡ ❡①tr❡♠♦ ❬✷✼❪✳

Dex =

√

32V n

3πSy

❉♦♥❞❡✿
V ✭❋✉❡r③❛ ❛♣❧✐❝❛❞❛✮❂✶✺✳✻✽◆
n✭❋❛❝t♦r ❞❡ s❡❣✉r✐❞❛❞✮❂✷

Dex =

√

32(15.68)(2)

3π(29.93 · 106) = 1.88 · 10−3mm ✭✹✳✻✮

❊❧ ❞✐á♠❡tr♦ ♠í♥✐♠♦ ❞❡ ❧♦s ❡①tr❡♠♦s ❞❡❜❡ s❡r ❡❧ ♦❜t❡♥✐❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✻✮✳ ❚❡♥✐❡♥❞♦
❡st❡ ✈❛❧♦r s❡ ❝❛❧❝✉❧ó ❡❧ ❞✐á♠❡tr♦ ❞❡❧ ❝❡♥tr♦✱ ❞♦♥❞❡ M ❡s ❡❧ ✈❛❧♦r ♦❜t❡♥✐❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥
✭✹✳✹✮ ② T = 0✳

Dcentro = 3

√

32n

πSy

√
M2 + T 2

Dcentro =
3

√

32(2)

π(29.93 · 106)2.74 = 12.3 · 10−3mm ✭✹✳✼✮

❊❧ ❞✐á♠❡tr♦ ♠í♥✐♠♦ ❞❡❧ ❝❡♥tr♦ ❞❡❜❡ s❡r ❡❧ ♦❜t❡♥✐❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✼✮✳

❖❜t❡♥✐❞♦s ❧♦s ❞✐á♠❡tr♦s ♠í♥✐♠♦s✱ s❡ s❡❧❡❝❝✐♦♥ó ✉♥ r❛❞✐♦ ❞❡ 16.5 mm ♣❛r❛ ❧❛ ✈✐❣❛✱
♣♦r ❝✉❡st✐♦♥❡s ❞❡ ♠♦♥t❛❥❡ ❞❡ ❧♦s ♠♦t♦r❡s ② ❢❛❝✐❧✐❞❛❞ ❞❡ ❢❛❜r✐❝❛❝✐ó♥✳

✹✳✷✳✷✳ ❊s❢✉❡r③♦s ❡♥ ❡❧ s♦♣♦rt❡ ❞❡ ❧❛ ✈✐❣❛

❯♥❛ ✈❡③ ♦❜t❡♥✐❞♦ ❡❧ ❞✐á♠❡tr♦ s❡ ♣r♦s✐❣✉✐ó ❛ ❤❛❧❧❛r ❧♦s ❡s❢✉❡r③♦s ❡♥ ❡❧ s♦♣♦rt❡ ❞❡ ❧❛ ✈✐❣❛
t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❡❧ ♣✉♥t♦ ❞❡ ❛♥❝❧❛❥❡✳

✹✸



✭❛✮ ❊s❢✉❡r③♦s✳ ✭❜✮ ❊s❢✉❡r③♦s ❞❡s♣❧❛③❛❞♦s✳

❋✐❣✉r❛ ✷✷✿ ❊s❢✉❡r③♦s s♦❜r❡ ❧❛ ✈✐❣❛✳✸✵

❙❡ ❞❡s♣❧❛③❛♥ ❧❛s ❢✉❡r❛s ❤❛❝✐❛ ❡❧ ❝❡♥tr♦ ❞❡ ❧❛ ✈✐❣❛ ❣❡♥❡r❛♥❞♦ ✷ ♠♦♠❡♥t♦s✱ ❞❡ ❧♦ ❝✉❛❧
s✉ r❡st❛ ❣❡♥❡r❛ ✉♥ ♠♦♠❡♥t♦ ❞❡s♣r❡❝✐❛❜❧❡ s♦❜r❡ ❧❛ ✈✐❣❛✳

❯♥❛ ✈❡③ ❞❡s♣❧❛③❛❞❛s ❧❛s ❢✉❡r③❛s s❡ ❤❛❧❧ó ❡❧ ár❡❛ ❞❡❧ ❝✐❧✐♥❞r♦ ❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ❛♣♦✲
②♦ ❤❛st❛ ❞♦♥❞❡ s❡ ❡❥❡r❝❡ ❧❛ ❢✉❡r③❛✳

A =
π

4
D2

A =
π

4
(0.033)2 = 25.9 · 10−3m2

▲✉❡❣♦✱ s❡ ❛♥❛❧✐③ó ❡❧ ♣✉♥t♦ ❍ q✉❡ s❡ ♦❜s❡r✈❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✷✷✱ ❡❧ ❝✉❛❧ t✐❡♥❡ ✉♥ ✢❡❝t♦r ♣♦r
tr❛❝❝✐ó♥✳

σ =
4M

πc3

c ✭❘❛❞✐♦ ❞❡❧ ❝✐❧✐♥❞r♦✮ ❂ 0.0165m

σ =
4(2.74N0.05m)

π(0.0165m)3
= 38.83KPa

❙❡ ❡①❛♠✐♥ó ❡❧ ♣✉♥t♦ ❑✱ ❡❧ ❝✉❛❧ t✐❡♥❡ ✉♥ ❝♦rt❛♥t❡✳

δ =
2V

A
= 2.27KPa

P♦r ❧❛ ❢ór♠✉❧❛ ❞❡ ❱♦♥ ▼✐s❡s s❡ ❞❡♠✉❡str❛ ❧❛ r❡s✐st❡♥❝✐❛ ❞❡❧ ♣♦❧✐♣r♦♣✐❧❡♥♦ ♣❛r❛ ❡st❡
tr❛❜❛❥♦✳

✸✵❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✹✹



❊♥ ❍

n =
Sy

σ′

σ′ =
√

σ2
1 − σ1σ3 + σ2

3

σ1 ▼á①✐♠♦✱ ♦❜t❡♥✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡
σ3 ▼í♥✐♠♦✱ 0MPa

σ′ = 38.83KPa

Sy = 2(38.83) = 77.66KPa ✭✹✳✽✮

❊♥ ❑

n =
0.57Sy

δ

Sy =
2(2.27)

0.57
= 7.96KPa ✭✹✳✾✮

❈♦♠♣❛r❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✽✮ ② ✭✹✳✾✮ ❝♦♥ ✭✹✳✺✮ ② ❡❧ ❈✉❛❞r♦ ✶✸ s❡ ♦❜s❡r✈❛ q✉❡ ❡❧
♣♦❧✐♣r♦♣✐❧❡♥♦ r❡s✐st✐rá ❧♦s ❡s❢✉❡r③♦s ❛ ❧♦s q✉❡ ❡st❛rá s♦♠❡t✐❞♦ ❡❧ s♦♣♦rt❡ ❞❡ ❧❛ ✈✐❣❛ ② ❡s
❡❧ ♠❡❥♦r ♠❛t❡r✐❛❧ ❡♥tr❡ ❧♦s tr❡s ❝♦♠♣❛r❛❞♦s✳ P♦r ❧♦ t❛♥t♦ s❡ ❧♦❣r❛ ❝♦♥❝❧✉✐r q✉❡ ❡s ✉♥
❜✉❡♥ ♠❛t❡r✐❛❧ ♣❛r❛ ❧❛ ♣❧❛♥t❛ ❞❛❞❛ s✉ ❛❧t❛ r❡s✐st❡♥❝✐❛✱ ❜❛❥♦ ❝♦st♦ ② ❞✉r❛❜✐❧✐❞❛❞✳

✹✺



✹✳✷✳✸✳ ❙❡❧❡❝❝✐ó♥ ❞❡❧ ♠❛t❡r✐❛❧

▼❛t❡r✐❛❧ ❈❛r❛❝t❡ríst✐❝❛s
❘❡s✐st❡♥❝✐❛ ❛
❧❛ ✢✉❡♥❝✐❛ ✭sy✮

P❡s♦
❡s♣❡❝í✜❝♦

❆❝❡r♦ ❆■❙■
✶✵✹✵

· ❘❡s✐st❡♥t❡

· ❉✉r❛❞❡r♦

· P❡s❛❞♦

· ❆❧t♦ ❝♦st♦

350MPa 7.850gr/cm3

❆❧✉♠✐♥✐♦
✭❆❧❡❛❝✐ó♥✮

· ❘❡s✐st❡♥t❡

· ❋rá❣✐❧

· ▲✐✈✐❛♥♦

· ❇❛❥♦ ❝♦st♦

97MPa 2.7gr/cm3

P♦❧✐♣r♦♣✐❧❡♥♦
PP

· ❘❡s✐st❡♥t❡

· ❉✉r❛❞❡r♦

· ▲✐✈✐❛♥♦

· ❇❛❥♦ ❝♦st♦

· ❋❛❝✐❧✐❞❛❞ ❞❡ ♠❡❝❛✲
♥✐③❛❞♦

30MPa 0.91gr/cm3

❈✉❛❞r♦ ✸✿ ❈♦♠♣❛r❛❝✐ó♥ ♠❛t❡r❛❧❡s ♣❛r❛ ✈✐❣❛✳ ✸✶

✸✶❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✹✻



✹✳✷✳✹✳ ❙❡❧❡❝❝✐ó♥ ❞❡ ❧♦s r♦❞❛♠✐❡♥t♦s

❘♦❞❛♠✐❡♥t♦ ❈❛r❛❝t❡ríst✐❝❛s

❘í❣✐❞♦ ❞❡
❜♦❧❛s

· ❆❜s♦r❜❡r ❝❛r❣❛s ♣✉r❛♠❡♥t❡ r❛❞✐❛❧❡s✳

· ❙♦♥ ♥♦ ❞❡s♠♦♥t❛❜❧❡s✳

· ❆❞❡❝✉❛❞♦s ♣❛r❛ ❛❧t❛s ✈❡❧♦❝✐❞❛❞❡s✳

· P♦❝♦ ♠❛♥t❡♥✐♠✐❡♥t♦✳

· ❙❡♥❝✐❧❧♦s ❞❡ ❞✐s❡ñ❛r✳

· ❇❛❥♦ ❝♦st♦✳

❘♦❞✐❧❧♦s
❝✐❧í♥❞r✐❝♦s

· ❆❜s♦r❜❡r ❝❛r❣❛s ♣✉r❛♠❡♥t❡ r❛❞✐❛❧❡s
♠ás ❡❧❡✈❛❞❛s✳

· ❙♦♥ ❞❡s♠♦♥t❛❜❧❡s✳

· ❆❧t♦ ❝♦st♦✳

❆❣✉❥❛s

· ❚✐❡♥❡♥ ❣r❛♥ ❝❛♣❛❝✐❞❛❞ ❞❡ ❝❛r❣❛✳

· ❙♦♥ ❡s♣❡❝✐❛❧♠❡♥t❡ út✐❧❡s ❡♥ ♠♦♥t❛✲
❥❡s ❞♦♥❞❡ s❡ ❞✐s♣♦♥❡ ❞❡ ✉♥ ❡s♣❛❝✐♦
r❛❞✐❛❧ ❧✐♠✐t❛❞♦✳

· ❆❧t♦ ❝♦st♦✳

❈✉❛❞r♦ ✹✿ ❈♦♠♣❛r❛❝✐ó♥ r♦❞❛♠✐❡♥t♦s✳✸✷

❙❡ s❡❧❡❝❝✐♦♥ó ❡♥ r♦❞❛♠✐❡♥t♦s rí❣✐❞♦s ❞❡ ❜♦❧❛s ♣♦r t❡♥❡r ♠❛②♦r❡s ❝❛r❛❝t❡ríst✐❝❛s ❛ s✉
❢❛✈♦r ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ tr❛❜❛❥♦✱ ❞♦♥❞❡ ♣r✐♠❛ ❡❧ ❜❛❥♦ ❝♦st♦ ② ❡❧ ♣♦❝♦ ♠❛♥t❡♥✐♠✐❡♥t♦✳

✸✷❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✹✼



✹✳✷✳✺✳ ❱✐❞❛ út✐❧ r♦❞❛♠✐❡♥t♦s

❙❡ t✐❡♥❡♥ ✷ r♦❞❛♠✐❡♥t♦s✱ ✉♥♦ ♣❛r❛ ❧❛ ❡❧❡✈❛❝✐ó♥ ② ♦tr♦ ♣❛r❛ ❧❛ ♦r✐❡♥t❛❝✐ó♥✳ ❙❡ ✉s❛r♦♥
❧♦s r♦❞❛♠✐❡♥t♦s ✻✵✵✻❩❈✸ ❞❡ ❜♦❧❛s✳ P❛r❛ ❤❛❧❧❛r ❡❧ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s út✐❧❡s s❡ ✉t✐❧✐③ó ❧❛
s✐❣✉✐❡♥t❡ ❡❝✉❛❝✐ó♥✿

L2 = L1

(

P1

P2

)k

✭✹✳✶✵✮

❉♦♥❞❡✿

L1 = ◆✉♠❡r♦ ❞❡ ❝✐❝❧♦s ❞❡ ♣r✉❡❜❛ ✭♠❛②♦rí❛ ❞❡ ✈❡❝❡s 106✮✳
L2 = ❈✐❝❧♦s ✉tí❧❡s✳
P1 = ❈❛r❣❛ ♥♦♠✐♥❛❧✳
P2 = ❈❛r❣❛ ❞❡ ❞✐s❡ñ♦✳
k = ❚✐♣♦ ❞❡ r♦❞❛♠✐❡♥t♦✳

❨❛ q✉❡ ❡❧ r♦❞❛♠✐❡♥t♦ ❡s ❞❡ ❜♦❧❛s✱ s❡ t✐❡♥❡ k = 3 ② P1 ❡s ♣r♦♣♦r❝✐♦♥❛❞♦ ♣♦r ❡❧ ❢❛✲
❜r✐❝❛♥t❡ ❬✷✽❪✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ s❡ ♣r♦❝❡❞❡ ❛ ❡♥❝♦♥tr❛r ❧❛ ❝❛r❣❛ L2 q✉❡ s♦♣♦rt❛rá ❝❛❞❛
✉♥♦ ❞❡ ❧♦s r♦❞❛♠✐❡♥t♦s✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ m1 ② m2 ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✮✱ ✭✹✳✷✮
✭r❡s♣❡❝t✐✈❛♠❡♥t❡✮ s❡ ♦❜t✉✈♦✿

❘♦❞❛♠✐❡♥t♦ ❞❡ P✐t❝❤✳

viga+m1 +m2

0.292 + 1.6 + 1.4 = 3.292Kg

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✮ s❡ r❡❛❧✐③ó ❧❛ ♠✐s♠❛ ❝♦♥✈❡rs✐ó♥✳

P2 = 32.2616N P❛r❛ r♦❞❛♠✐❡♥t♦ s✉♣❡r✐♦r

❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✵✮

L2 = 106
(

29.1N

32.2616N

)3

❊♥t♦♥❝❡s s❡ ♦❜t✉✈♦✿
L2 = 0.7338 · 106

❈♦♥ ✉♥ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡ w = 1.5rpm✱ s❡ ❝♦♥s✐❣✉✐ó ❧❛ ✈✐❞❛ út✐❧ ❞❡❧ r♦❞❛♠✐❡♥t♦✳

t =
L2

w

t =
0.7338 · 106ciclos
1.5 ciclos

min
· 60min

h

· 1dia
24h

t = 339.7dias

✹✽



❊st❡ r♦❞❛♠✐❡♥t♦ t✐❡♥❡ ✉♥❛ ✈✐❞❛ út✐❧ ❞❡ ✸✸✾✳✼ ❞í❛s ✉t✐❧✐③á♥❞♦❧♦ ❞❡ ❢♦r♠❛ ❝♦♥t✐♥✉❛✳

❘♦❞❛♠✐❡♥t♦ ❞❡ ❨❛✇✳

Soporte viga+ cilindro+ viga+m1 +m2

0.524 + 0.491 + 0.292 + 1.6 + 1.4 = 4.307Kg

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✮ s❡ r❡❛❧✐③ó ❧❛ ♠✐s♠❛ ❝♦♥✈❡rs✐ó♥✳

P2 = 42.2086N P❛r❛ r♦❞❛♠✐❡♥t♦ ✐♥❢❡r✐♦r

L2 = 106
(

29.1N

42.2086N

)3

❊♥t♦♥❝❡s✿
L2 = 0.3277 · 106

❈♦♥ ✉♥ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡ w = 2rpm✱ s❡ ❝♦♥s✐❣✉✐ó ❧❛ ✈✐❞❛ út✐❧ ❞❡❧ r♦❞❛♠✐❡♥t♦✳

t =
L2

w

t =
0.3277 · 106ciclos
2 ciclos

min
· 60min

h

· 1dia
24h

t = 113.8dias

❊st❡ r♦❞❛♠✐❡♥t♦ t✐❡♥❡ ✉♥❛ ✈✐❞❛ út✐❧ ❞❡ ✶✶✸✳✽ ❞í❛s ✉t✐❧✐③á♥❞♦❧♦ ❞❡ ❢♦r♠❛ ❝♦♥t✐♥✉❛✳

✹✾



✹✳✷✳✻✳ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ♠❛t❡r✐❛❧❡s

▼❆❚❊❘■❆▲ ■▼❆●❊◆ ❈❆❘❆❈❚❊❘❮❙❚■❈❆❙

P♦❧✐♣r♦♣✐❧❡♥♦

· ▼♦❞✉❧♦ ❞❡ ❡❧❛st✐❝✐❞❛❞ 1.2GPa✳

· ❘❡s✐st❡♥❝✐❛ ✢✉❡♥❝✐❛ 39.93MPa✳

· P❡s♦ ❡s♣❡❝í✜❝♦ 0.91gr/cm3✳

· ❋á❝✐❧ ♠❡❝❛♥✐③❛❞♦✳

❘♦❞❛♠✐❡♥t♦
❞❡ ❜♦❧❛s

· ❖♣❡r❛♥ ❛ ❛❧t❛s ✈❡❧♦❝✐❞❛❞❡s✳

· ❘❡s✐st❡♥t❡ ❡♥ ❡❧ ❢✉♥❝✐♦♥❛♠✐❡♥t♦✳

· ❙♦♣♦rt❛ ♠❛②♦r❡s ❝❛r❣❛s✳

· ❊①✐❣❡ ♣♦❝♦ ♠❛♥t❡♥✐♠✐❡♥t♦✳

· ▼❛②♦r ✈✐❞❛ ✉tí❧✳

❍❡❧✐❝❡s

· ●❡♥❡r❛♥ ❣r❛♥ ❡♠♣✉❥❡✳

· ❙♦♣♦rt❛♥ ❛❧t❛s ✈❡❧♦❝✐❞❛❞❡s✳

· ❙♦♥ ❧✐✈✐❛♥❛s✳

· ❚✐❡♥❡♥ ❜❛❥♦ ❝♦st♦✳

Pr♦t❡❝t♦r❡s

· Pr♦t❡❝❝✐ó♥ ♣❛r❛ ❡❧ ✉s✉❛r✐♦✳

· Pr♦t❡❝❝✐ó♥ ♣❛r❛ ❧❛ ❤é❧✐❝❡✳

· ❆❧t❛ ❞✉r❛❜✐❧✐❞❛❞✳

· ❇❛❥♦ ♣❡s♦✳

❈✉❛❞r♦ ✺✿ ▼❛t❡r✐❛❧❡s s❡❧❡❝❝✐♦♥❛❞♦s✳ ✸✸

✸✸❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✺✵



✹✳✷✳✼✳ ❚❡♦r❡♠❛ ❞❡ ❡❥❡s ♣❛r❛❧❡❧♦s

P♦st❡r✐♦r♠❡♥t❡ s❡ ♥❡❝❡s✐t❛rá ❞❡ ❧❛ ✐♥❡r❝✐❛ ❞❡❧ s✐st❡♠❛✱ ♣♦r ❧♦ ❝✉❛❧ s❡ r❡❛❧✐③❛♥ ❧♦s s✐❣✉✐❡♥✲
t❡s ❝á❧❝✉❧♦s

IC =

∫ d
2

−
d
2

x2λdx

❙❡ r❡❛❧✐③ó ❧❛ ✐♥t❡❣r❛❧

IC =
λ

3

(

d3

8
+

d3

8

)

=

(

d3λ

12

)

λ =
m

d

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ s❡ ♦❜t✉✈♦

IC =

(

d2mv

12

)

❆❤♦r❛ s❡ ♣r♦❝❡❞❡ ❛ ❝❛❧❝✉❧❛r ❧❛s ✐♥❡r❝✐❛s ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ❡①tr❡♠♦s

IA = IC + d2m1

IA =

(

d2mv + 12d2m1

12

)

IB = IC + d2m2

IB =

(

d2mv + 12d2m2

12

)

❙✉♠❛♥❞♦ ❧❛s ✐♥❡r❝✐❛s s❡ t✐❡♥❡✿
IT = IA + IB

IT =

(

d2mv + 12d2m1

12

)

+

(

d2mv + 12d2m2

12

)

IT =

(

2d2mv + 12d2(m1 +m2)

12

)

❉♦♥❞❡✿

✭d = 0.2m✮ ❉✐st❛♥❝✐❛ ❞❡s❞❡ ❡❧ ❝❡♥tr♦ ❛ ❧♦s ❡①tr❡♠♦s ❞❡ ♠❛s❛✱ ❝♦♠♦ s❡ ✈❡ ❡♥ ❧❛ ❋✐✲
❣✉r❛ ✸✺✳
✭mv = 0.6Kg✮ ♠❛s❛ ❞❡ ❧❛ ✈✐❣❛✳
m1 ② m2 ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✮ ② ✭✹✳✷✮✳ ❊♥t♦♥❝❡s

IT = 128.27 · 10−3Kg ·m2 ✭✹✳✶✶✮

❊❧ ❝✉❛❧ ❝♦rr❡s♣♦♥❞❡ ❛❧ ✈❛❧♦r t♦t❛❧ ❞❡ ❧❛ ✐♥❡r❝✐❛✳

✺✶



✹✳✸✳ ❈❖◆❙❚❘❯❈❈■Ó◆

❊❧ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ❢✉❡ ❞✐s❡ñ❛❞♦ ② ❝♦♥str✉✐❞♦ ❡♥ ❢♦r♠❛ ❞❡ ❚✱ ❡♥
❞♦♥❞❡ ❧❛ ✈✐❣❛ ♣r✐♥❝✐♣❛❧ ❣✐r❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ✈❡rt✐❝❛❧ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ r♦❞❛♠✐❡♥t♦ ❞❡
❜❛❧✐♥❡s✱ ❛❞❡♠ás✱ ❡stá ❝♦♥❡❝t❛❞♦ ❛ ✉♥ ♣♦t❡♥❝✐ó♠❡tr♦ ❧✐♥❡❛❧ q✉❡ ❛❝tú❛ ❝♦♠♦ s❡♥s♦r✱ ❡❧
❝✉❛❧ ♣❡r♠✐t✐rá ❧❡❡r ❡❧ á♥❣✉❧♦ ✭P✐t❝❤✮ ❡♥ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❧❛ ✈✐❣❛ ② ❛sí ♣♦❞❡r r❡❛❧✐③❛r ❡❧
r❡s♣❡❝t✐✈♦ ❝♦♥tr♦❧✳ ▲❛ ✈✐❣❛ ❝♦♥❡❝t❛❞❛ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ ❣✐r❛ ❝♦♥ r❡s♣❡❝t♦ ❛ s✉ ❡❥❡ ❞❡
❝♦♥❡①✐ó♥ t❛♠❜✐é♥ ♣♦r ♠❡❞✐♦ ❞❡ ✉♥ r♦❞❛♠✐❡♥t♦ ② ❝♦♥ ✉♥ s❡❣✉♥❞♦ s❡♥s♦r ✭♣♦t❡♥❝✐ó♠❡tr♦
❧✐♥❡❛❧✮ r❡❛❧✐③❛♥❞♦ ❧❛ ♠✐s♠❛ ❛❝❝✐ó♥✱ s❡ ❧❡❡ ❡❧ á♥❣✉❧♦ ❨❛✇ ② ❛sí ❝♦♠♣❧❡t❛r ❧♦s ❞♦s ❣r❛❞♦s
❞❡ ❧✐❜❡rt❛❞ ❞❡ s✐st❡♠❛✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ♠♦str❛rá ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ q✉❡ s❡ r❡❛❧✐③ó ♣❛r❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡❧
❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ❞❡t❛❧❧❛❞❛♠❡♥t❡✿

✶✳ ❙❡ ❞✐s❡ñó ❡❧ ❤❡❧✐❝ó♣t❡r♦ ♠❡❝á♥✐❝❛♠❡♥t❡✱ ❡❧ ❝✉❛❧ ♣❡r♠✐t✐ó ❡s❝♦❣❡r ❡❧ ♠❛t❡r✐❛❧ ❝♦♥
❡❧ q✉❡ s❡ ❝♦♥str✉②ó✳ ❘❡❛❧✐③❛♥❞♦ ✉♥❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡ ❧♦s ♠❛t❡r✐❛❧❡s q✉❡ ♣♦❞í❛♥
✉s❛rs❡✱ s❡ ❡s❝♦❣✐ó ❡❧ ♣♦❧✐♣r♦♣✐❧❡♥♦✱ ✉♥ ♠❛t❡r✐❛❧ r❡s✐st❡♥t❡✱ ❧✐✈✐❛♥♦✱ ❞✉r❛❞❡r♦ ② ❝♦♥
❛❧t❛ ❢❛❝✐❧✐❞❛❞ ❞❡ ♠❡❝❛♥✐③❛❞♦✳

✷✳ ❊❧ ♣♦❧✐♣r♦♣✐❧❡♥♦ s❡ ♠❛q✉✐♥ó ❡♥ ❡❧ ❝❡♥tr♦ ❞❡ ♠❡❝❛♥✐③❛❞♦ ❈♦♠♣✉t❡r ◆✉♠❡r✐❝❛❧
❈♦♥tr♦❧✭✏❈◆❈✑✮ ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ❙❛♥ ❇✉❡♥❛✈❡♥t✉r❛✳

❋✐❣✉r❛ ✷✸✿ ❈❡♥tr♦ ❞❡ ♠❡❝❛♥✐③❛❞♦ ❈◆❈✳✸✹

✸✳ ❙❡ ✉t✐❧✐③❛r♦♥ ❞♦s r♦❞❛♠✐❡♥t♦s ❞❡ ❛❧t❛ ❞✉r❛❜✐❧✐❞❛❞✱ ❧♦s ❝✉❛❧❡s s❡ ❛❝♦♣❧❛r♦♥ ♣❛r❛
q✉❡ ♣❡r♠✐t✐❡r❛♥ ❧❛ ♠♦✈✐❧✐❞❛❞ ❞❡ ❧♦s ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ s✐♥ ♥✐♥❣ú♥ ✐♥❝♦♥✈❡✲
♥✐❡♥t❡✱ ❛❞❡♠ás s❡ ❡♥s❛♠❜❧❛r♦♥ ❧♦s r♦❞❛♠✐❡♥t♦s ❛❧ ♣♦❧✐♣r♦♣✐❧❡♥♦ ❡♥ ❧❛ ♠áq✉✐♥❛ ❞❡
❝♦♠♣r❡s✐ó♥ ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ❙❛♥ ❇✉❡♥❛✈❡♥t✉r❛✳

✸✹❋✉❡♥t❡✿ ■♠❛❣❡♥ t♦♠❛❞❛ ② ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✺✷



❋✐❣✉r❛ ✷✹✿ ❘♦❞❛♠✐❡♥t♦ ❛❝♦♣❧❛❞♦✳ ✸✺

✹✳ ❙❡ ❛❝♦♣❧❛r♦♥ ❧♦s ❞♦s ♠♦t♦r❡s s✐♥ ❡s❝♦❜✐❧❧❛s ✭❇r✉s❤❧❡ss✮ ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❡①tr❡♠♦s
❞❡ ❧❛ ✈✐❣❛✱ t❛♠❜✐é♥ s❡ ❛❞❛♣t❛r♦♥ ❧❛s ❤é❧✐❝❡s ② ❧♦s ♣r♦t❡❝t♦r❡s✱ ❧♦s ❝✉❛❧❡s ♣❡r♠✐t❡♥
♣r♦t❡❝❝✐ó♥ ❝♦♠♦ ❡❧ ♣❛s♦ ❞❡❧ ❛✐r❡ ♣❛r❛ ❣❡♥❡r❛r ❡♠♣✉❥❡✳

✭❛✮ ■♥st❛❧❛❝✐ó♥ ❞❡ ❤é❧✐❝❡s✳ ✭❜✮ ■♥st❛❧❛❝✐ó♥ ❞❡ ♣r♦t❡❝t♦r❡s✳

❋✐❣✉r❛ ✷✺✿ ❆❝♦♣❧❛♠✐❡♥t♦ s✉♣❡r✐♦r✳✸✻

✺✳ ❙❡ ❝♦♥str✉②ó ✉♥❛ ❝❛❥❛ ❝♦♠♦ s❡ ✈❡ ❡♥ ❧❛ ❋✐❣✉r❛ ✶✽ ❡♥ ❞♦♥❞❡ ❡stá♥ t♦❞❛s ❧❛s ❝♦♥❡✲
①✐♦♥❡s q✉❡ ❧❡ ♣❡r♠✐t❡♥ ❛❧ ❤❡❧✐❝ó♣t❡r♦ r❡❛❧✐③❛r ❧❛ ❝♦♠✉♥✐❝❛❝✐ó♥ ❝♦♥ ❧❛ t❛r❥❡t❛ P❈■
✻✵✶✹ ❞❡ ◆❛t✐♦♥❛❧ ■♥str✉♠❡♥ts ❘©✱ ❛❞❡♠ás t✐❡♥❡ ❝♦♥❡①✐♦♥❡s q✉❡ ❧❡ ♣❡r♠✐t✐rá♥ r❡❛✲
❧✐③❛r ❧❛ ❝♦♠✉♥✐❝❛❝✐♦♥❡s ❝♦♥ ❝✉❛❧q✉✐❡r t❛r❥❡t❛ ❡❧❡❝tró♥✐❝❛✱ ②❛ s❡❛ ▼✐❝r♦s❤✐♣ P■❈✱
❆r❞✉✐♥♦✱ ❚❡①❛s ■♥str✉♠❡♥ts✱ ❡♥tr❡ ♦tr❛s✳ ■♥t❡r✐♦r♠❡♥t❡ ❝✉❡♥t❛ ❝♦♥ ✉♥❛ ❢✉❡♥t❡
s✇✐t❝❤❡❛❞❛ ✐♥❞✉str✐❛❧ ❞❡ ✶✷ ✈♦❧t✐♦s ❛ ✶✵ ❛♠♣❡r✐♦s ❧❛ ❝✉❛❧ ❡stá ❞❡♥tr♦ ❞❡❧ ♠ó❞✉❧♦
❝♦♥ ❧♦s ❝♦♥tr♦❧❛❞♦r❡s ❡❧❡❝tró♥✐❝♦s ❞❡ ✈❡❧♦❝✐❞❛❞ ✭❊❙❈✮ ❞❡ ✹✵ ❛♠♣❡r✐♦s✳ ❊❧ ♠ó❞✉❧♦
❞❡ ❝♦♥tr♦❧ t✐❡♥❡ ❞♦s s❛❧✐❞❛s ❞❡ ✈♦❧t❛❥❡ ❞❡ ✶✷ ② ✺✈ ♣❛r❛ ✉s❛r❧❛ ❝♦♠♦ ❢✉❡♥t❡ ❞❡
❛❧✐♠❡♥t❛❝✐ó♥ s✐ s❡ ♥❡❝❡s✐t❛✳

✸✺❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✸✻❋✉❡♥t❡✿ ■♠❛❣❡♥ t♦♠❛❞❛ ② ❉✐s❡ñ❛❞❛ ♣♦r ❧♦s ❛✉t♦r❡s

✺✸



❊❧ ❤❡❧✐❝♦♣t❡r♦ ✶✵✵✪ ❡♥s❛♠❜❧❛❞♦ ❡s ❡❧ q✉❡ s❡ ♠✉❡str❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✿

❋✐❣✉r❛ ✷✻✿ ▼♦❞✉❧♦ ❞❡ ❈♦♥tr♦❧ ❍❉●▲✳✸✼

✸✼❋✉❡♥t❡✿ ■♠❛❣❡♥ t♦♠❛❞❛ ② ❉✐s❡ñ❛❞❛ ♣♦r ❧♦s ❛✉t♦r❡s

✺✹



✹✳✹✳ ❆P❘❖❳■▼❆❈■Ó◆ ▲■◆❊❆▲ ❉❊▲ ❊▼P❯❏❊ ❉❊ ▲❆❙ ❍➱✲
▲■❈❊❙

❙❡ r❡❛❧✐③❛r♦♥ ♣r✉❡❜❛s ❞❡ ❡♠♣✉❥❡ ❞❡ ❝❛❞❛ ❤é❧✐❝❡ ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ❣rá✜❝❛ ❞❡ ❧❛ ❢✉❡r③❛
❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ✈❡❧♦❝✐❞❛❞✳ ▲❛s ♠❡❞✐❝✐♦♥❡s s❡ ❡❢❡❝t✉❛r♦♥ ✉t✐❧✐③❛♥❞♦ ✉♥❛ ❝♦♥❡①✐ó♥ ❞❡ ❧❛
♣❧❛♥t❛ ❛ ❧❛ t❛r❥❡t❛ P❈■ ✻✵✶✹ ❞❡ ◆❛t✐♦♥❛ ■♥str✉♠❡♥ts ◆■ ❊▲❱■❙ ❘© ❡♥ ❧❛ ❝✉❛❧ s❡ r❡❛❧✐③❛r♦♥
❧❛s ✈❛r✐❛❝✐♦♥❡s ❞❡❧ ❛♥❝❤♦ ❞❡ ♣✉❧s♦ ✭❞✉t②✮ q✉❡ r❡q✉✐❡r❡♥ ❧♦s ❝♦♥tr♦❧❛❞♦r❡s ❡❧❡❝tró♥✐❝♦s ❞❡
✈❡❧♦❝✐❞❛❞ ❊❙❈ ♣❛r❛ ❛❧✐♠❡♥t❛r ❛ ❧♦s ♠♦t♦r❡s✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✷✼ s❡ ♦❜s❡r✈❛ ❧❛ ♠❡❞✐❝✐ó♥ ❞❡
❧❛ ❤é❧✐❝❡ ❞❡ ❝♦❧❛ ♦ ♣♦st❡r✐♦r✱ ❛❞❡♠ás ❡♥ ❧❛ ❋✐❣✉r❛ ✷✽ s❡ ♦❜s❡r✈❛ ✉♥ ❞✐♥❛♠ó♠❡tr♦ ❡❧ ❝✉❛❧
r❡❣✐stró ❧❛s ❢✉❡r③❛s ❞❡ ❡♠♣✉❥❡ ✭◆✮✱ t❛♠❜✐é♥ ✉♥ t❛❝ó♠❡tr♦ ✭❘P▼✮ ❝♦♥ ❡❧ q✉❡ s❡ ♠✐❞✐ó
❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ r♦t❛❝✐ó♥ ❞❡ ❧❛s ❤é❧✐❝❡s✳

❋✐❣✉r❛ ✷✼✿ Pr✉❡❜❛ ❞❡ ❡♠♣✉❥❡✳ ✸✽

✭❛✮ ❉✐♥❛♠♦♠❡tr♦✳ ✭❜✮ ❚❛❝♦♠❡tr♦✳

❋✐❣✉r❛ ✷✽✿ ❙❡♥s♦r❡s✳ ✸✾

✸✽❋✉❡♥t❡✿ ■♠❛❣❡♥ t♦♠❛❞❛ ② ❡❞✐t❛❞❛ ♣♦r ❧♦s ❛✉t♦r❡s
✸✾❋✉❡♥t❡✿ ■♠❛❣❡♥ t♦♠❛❞❛ ② ❡❞✐t❛❞❛ ♣♦r ❧♦s ❛✉t♦r❡s

✺✺



❍é❧✐❝❡ ❞❡ P✐t❝❤✳P❛r❛ ❧❛ ❡❧❡✈❛❝✐ó♥ s❡ t✐❡♥❡ ❡♥ ❝✉❡♥t❛ q✉❡ s❡ r❡❛❧✐③ó ❡❧ ❡♠♣✉❥❡ ✐♥✐✲
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❉♦♥❞❡✿

m =
nΣxy − ΣxΣy

nΣx2 − (Σx)2

b =
Σy −mΣx

n
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❊♥t♦♥❝❡s✿
V ELOCIDAD(RPM) = x

FUERZA(N) = y
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r❡❛❧✐③ó ❛♥t❡r✐♦r♠❡♥t❡✳

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✷✮ ② ✭✹✳✶✸✮ s❡ ♦❜t✉✈✐❡r♦♥ ❧♦s s✐❣✉✐❡♥t❡s ❞❛t♦s

♥ ① ② x2 ①②
✶ ✻✸✹✷ ✵✱✵✼ ✹✵✷✷✵✾✻✹ ✹✹✸✱✾✹
✷ ✻✽✻✻ ✵✱✶✷ ✹✼✶✹✶✾✺✻ ✽✷✸✱✾✷
✸ ✼✹✺✸ ✵✱✶✻ ✺✺✺✹✼✷✵✾ ✶✶✾✷✱✹✽
✹ ✼✽✶✶ ✵✱✶✾ ✻✶✵✶✶✼✷✶ ✶✹✽✹✱✵✾
✺ ✽✺✻✺ ✵✱✷✺ ✼✸✸✺✾✷✷✺ ✷✶✹✶✱✷✺
✻ ✽✼✺✾ ✵✱✸✹ ✼✻✼✷✵✵✽✶ ✷✾✼✽✱✵✻
✼ ✾✷✾✹ ✵✱✸✻ ✽✻✸✼✽✹✸✻ ✸✸✹✺✱✽✹
✽ ✾✺✵✻ ✵✱✸✾ ✾✵✸✻✹✵✸✻ ✸✼✵✼✱✸✹
Σ ✻✹✺✾✻ ✷ ✺✸✵✼✹✸✻✷✽ ✶✻✶✶✼

❈✉❛❞r♦ ✶✸✿ ❊♠♣✉❥❡ ✈❡rt✐❝❛❧ ❧✐♥❡❛❧✐③❛❝✐ó♥✳✺✷

✺✶❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✺✷❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✻✶



❊♥ ❧❛ ❋✐❣✉r❛ ✸✹ s❡ ♦❜s❡r✈❛ ❧❛ ❧✐♥❡❛❧✐❞❛❞ q✉❡ t✐❡♥❡ ❡❧ ❡♠♣✉❥❡ ❞❡ ❧❛ ❤é❧✐❝❡ ❞❡ ❨❛✇✳

❋✐❣✉r❛ ✸✹✿ ❊♠♣✉❥❡ ❱❡rt✐✈❛❧ ▲✐♥❡❛❧✐③❛❝✐ó♥✳✺✸

❈♦♥ ❧❛s ❋✐❣✉r❛s ✸✶✱ ✸✷ ② ✸✹ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❧✐♥❡❛❧ ❞❡ ❧❛ ❢✉❡r✲
③❛ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ✈❡❧♦❝✐❞❛❞ ② ❧❛ ❢✉❡r③❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❞✉tt②✱ ❧♦ ❝✉❛❧ ❝♦♥❧❧❡✈❛ ❛
❝♦♥❝❧✉✐r q✉❡ ❡❧ s✐st❡♠❛ ♠♦t♦r ❤é❧✐❝❡ ♥♦ ✈❛ ❛♣♦rt❛r ✉♥❛ ♠❛②♦r ♥♦ ❧✐♥❡❛❧✐❞❛❞ ❛❧ s✐st❡♠❛
❡♥ ❣❡♥❡r❛❧✱ ♣❡r♠✐t✐❡♥❞♦ r❡❛❧✐③❛r ✉♥❛ ❧✐♥❡❛❧✐③❛❝✐ó♥ ❝♦♥ ♠❛②♦r ❢❛❝✐❧✐❞❛❞✳ ❍❛② q✉❡ r❡s❛❧t❛r
q✉❡ ❞❛❞❛s ❡st❛s r❡s♣✉❡st❛s ♥♦ s❡ ❡♥tr❛ ❛ r❡❛❧✐③❛r ✉♥ ❛♥á❧✐s✐s ❞❡ ♥♦ ❧✐♥❡❛❧✐❞❛❞ ❞❡ ♠❛②♦r
❝♦♠♣❧❡❥✐❞❛❞✳

✺✸❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✻✷
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❈■❖◆❊❙ ❉❊ ▼❖❱■▼■❊◆❚❖ ❉❊ ❊❯▲❊❘✲▲❆●❘❆◆●❊

P❛r❛ ♦❜t❡♥❡r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡❧ ❤❡❧✐❝ó♣t❡r♦ q✉❡ ❝✉❡♥t❛ ❝♦♥ ❞♦s ❣r❛❞♦s ❞❡
❧✐❜❡rt❛❞✱ s❡ ✉t✐❧✐③❛♥ ❧❛s ❡❝✉❛❝✐♦♥❡s q✉❡ ❞❡s❝r✐❜❡♥ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ s✐st❡♠❛✳ ❊♥ ❧❛ ❋✐❣✉r❛
✸✺ s❡ ♦❜s❡r✈❛ ❧❛s ❢✉❡r③❛s q✉❡ s❡ ❡❥❡r❝❡♥ s♦❜r❡ ❡❧ s✐st❡♠❛✱ ❧❛s ❝✉❛❧❡s ♣❡r♠✐t✐rá♥ ✈✐s✉❛❧✐③❛r
❝♦♥ ♠❛②♦r ❢❛❝✐❧✐❞❛❞ ❧❛ ❞✐r❡❝❝✐ó♥❡s ❤❛❝✐❛ ❞♦♥❞❡ t❡♥❞r❛ ♠♦✈✐❧✐❞❛❞ ❡❧ ❤❡❧✐❝ó♣t❡r♦ ✳ m1 ❡s ❡❧
t♦t❛❧ ❞❡ ❧❛ ♠❛s❛ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❝♦♥❝❡♥tr❛❞❛ ❡♥ ❧❛ ♣❛rt❡ ❞❡❧❛♥t❡r❛✱ ❞♦♥❞❡ s❡ ❡♥❝✉❡♥tr❛
❧❛ ❤é❧✐❝❡ ❞❡ ❡❧❡✈❛❝✐ó♥ ② m2 ❡s ❡❧ t♦t❛❧ ❞❡ ❧❛ ♠❛s❛ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❧❛ ♣❛rt❡ ♣♦st❡r✐♦r
❞♦♥❞❡ ❡stá ✉❜✐❝❛❞❡❧ r♦t♦r ❛♥t✐♣❛r✳ d1 ② d2 s♦♥ ❧❛s ❞✐st❛♥❝✐❛s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❡♥tr❡ ❡❧
❛♣♦②♦ ② ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ♠❛s❛s r❡s♣❡❝t✐✈❛♠❡♥t❡✳

F1 ② F2 s♦♥ ❧❛s ❢✉❡r③❛s q✉❡ s❡ ❞❡❜❡♥ ❛ ❧❛ ❣r❛✈❡❞❛❞❛❝t✉❛♥❞♦ s♦❜r❡ ❝❛❞❛ ♣✉♥t♦ ❞❡ ♠❛s❛✱
F6 ❡s ❧❛ ❢✉❡r③❛ tr❛♥s✈❡rs❛❧ ♦ ❞❡ ❝♦r✐♦❧✐s q✉❡ ❣❡♥❡r❛ ❡❧ r♦t♦r ❞❡ ❝♦❧❛ ②F3 ❡s ❧❛ ❢✉❡r③❛ ❞❡
❡♠♣✉❥❡ q✉❡ ❣❡♥❡r❛ ❧❛ ❤é❧✐❝❡ ❞❡ ❡❧❡✈❛❝✐ó♥✳

F4 ❡s ❧❛ ❢✉❡r③❛ q✉❡ ❣❡♥❡r❛ ❡❧ r♦t♦r ❞❡ ♦r✐❡♥t❛❝✐ó♥ ② F5 ❡s ❧❛ ❢✉❡r③❛ tr❛♥s✈❡rs❛❧ ♦ ❞❡
❝♦r✐♦❧✐s q✉❡ ❣❡♥❡r❛ ❡❧ r♦t♦r ♣r✐♥❝✐♣❛❧✳ ❬✷❪✳

❋✐❣✉r❛ ✸✺✿ ❋✉❡r③❛s q✉❡ ❛❝tú❛♥ ❡♥ ❡❧ s✐st❡♠❛✳✺✹

✺✹❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✻✸



❊♥ ❜❛s❡ ❛ ❧❛s ❋✐❣✉r❛s ✸✻ ② ✸✼ s❡ ♣r♦❝❡❞❡ ❛ r❡❛❧✐③❛r ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ✈❡❝t♦r✐❛❧ ❡♥ X, Y
② Z✳ ❙❡ ❞❡❜❡ ❞❡ t❡♥❡r ❡♥ ❝✉❡♥t❛ ❡❧ s❡♥t✐❞♦ ♣♦s✐t✐✈♦ ❡♥ t♦❞♦s ❧♦s á♥❣✉❧♦s✳

❋✐❣✉r❛ ✸✻✿ ❈♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧✐③❛❞❛s ❡♥ m1✳✺✺

■♥✐❝✐❛❧♠❡♥t❡ s❡ r❡❛❧✐③❛rá ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ✈❡❝t♦r✐❛❧ ❝♦♥ r❡s♣❡❝t♦ ❛ m1 ♣❛r❛ ❛s✐ ♦❜✲
t❡♥❡r X1, Y1 ② Z1✳

❉♦♥❞❡✿
Pitch = θ1 ✭✹✳✶✹✮

Y aw = θ2 ✭✹✳✶✺✮

❊♥t♦♥❝❡s✿
X1 = d1 cos(θ1) sin(θ2)

Y1 = d1 cos(θ1) cos(θ2)

Z1 = d1 sin(θ1) ✭✹✳✶✻✮

❆❤♦r❛ ❞❡r✐✈❛♥❞♦ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ♣♦s✐❝✐♦♥❡s s❡ ♦❜t✐❡♥❡♥ ❧❛s ✈❡❧♦❝✐❞❛❞❡s✳ ▲✉❡❣♦ s❡ s✉♠❛♥
❧❛s ✈❡❧♦❝✐❞❛❞❡s ❛❧ ❝✉❛❞r❛❞♦ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ✈❡❧♦❝✐❞❛❞ ♥❡❝❡s❛r✐❛ ♣❛r❛ ❤❛❧❧❛r ❧❛ ❡♥❡r❣í❛
❝✐♥ét✐❝❛✳

ṙ21 = V 2
X1

+ V 2
Y1

+ V 2
Z1

✭✹✳✶✼✮

❉❡r✐✈❛♥❞♦✿
Ẋ1 = −d1θ̇1 sin(θ1) sin(θ2) + d1θ̇2 cos(θ1) cos(θ2) = Vx1

Ẏ1 = −d1θ̇1 sin(θ1) cos(θ2)− d1θ̇2 cos(θ1) sin(θ2) = Vy1

Ż1 = d1θ̇1 cos(θ1) = Vz1

✺✺❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✻✹



❊❧❡✈❛♥❞♦ ❛❧ ❝✉❛❞r❛❞♦ ❡♥ ❛♠❜♦s ❧❛❞♦s ❞❡ ❧❛ ✐❣✉❛❧❞❛❞✿

Ẋ2
1 = d21θ̇

2
1 sin

2(θ1) sin
2(θ2) + d21θ̇

2
2 cos

2(θ1) cos
2(θ2)

−2d21θ̇1θ̇2 sin(θ1) cos(θ1) sin(θ2) cos(θ2)

Ẏ 2
1 = d21θ̇

2
1 sin

2(θ1) cos
2(θ2) + d21θ̇

2
2 cos

2(θ1) sin
2(θ2)

+2d21θ̇1θ̇2 sin(θ1) cos(θ1) sin(θ2) cos(θ2)

Ż2
1 = d21θ̇

2
1 cos

2(θ1)

❙✉♠❛♥❞♦ ❧❛s ✈❡❧♦❝✐❞❛❞❡s✱ ❡❧ t❡r❝❡r tér♠✐♥♦ ❞❡ V 2
X1

② V 2
Y1

s❡ ❝❛♥❝❡❧❛♥✳ ❆❤♦r❛ s❡ ♣r♦❝❡❞❡
❛ ❢❛❝t♦r✐③❛r ♣❛r❛ ❞❡❥❛r ❧❛ ❡①♣r❡s✐ó♥ ♠ás ♣❡q✉❡ñ❛✳

ṙ21 = d21θ̇
2
1 sin

2(θ1)
(

sin2(θ2) + cos2(θ2)
)

+d21θ̇
2
2 cos

2(θ1)
(

cos2(θ2) + sin2(θ2)
)

+ d21θ̇
2
1 cos

2(θ1)

▲❛s ❡①♣r❡s✐♦♥❡s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❡♥tr❡ ♣❛ré♥t❡s✐s ♣♦r ✐❞❡♥t✐❞❛❞❡s tr✐❣♦♥♦♠étr✐❝❛s s♦♥
✐❣✉❛❧ ❛ ✶✳

ṙ21 = d21θ̇
2
1 sin

2(θ1) + d21θ̇
2
2 cos

2(θ1) + d21θ̇
2
1 cos

2(θ1)

❋❛❝t♦r✐③❛♥❞♦ ❞❡ ♥✉❡✈♦✳

ṙ21 = d21θ̇
2
1

(

sin2(θ1) + cos2(θ1)
)

+ d21θ̇
2
2 cos

2(θ1)

ṙ21 = d21θ̇
2
1 + d21θ̇

2
2 cos

2(θ1) ✭✹✳✶✽✮

❆❤♦r❛ s❡ ❤❛❧❧❛ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ♣❛r❛ m1✳

T =
1

2
mV 2

T1 =
1

2
m1ṙ

2
1

T1 =
1

2
m1d

2
1θ̇

2
1 +

1

2
m1d

2
1θ̇

2
2 cos

2(θ1) +
1

2
IT (θ̇

2
1 + θ̇22) ✭✹✳✶✾✮

P♦st❡r✐♦r♠❡♥t❡ s❡ ❝❛❧❝✉❧❛ ❧❛ ❡♥❡r❣í❛ ♣♦t❡♥❝✐❛❧ ♣❛r❛ m1✳

V = mgh

V1 = m1gZ1

❘❡❡♠♣❧❛③❛♥❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✻✮ s❡ t✐❡♥❡✿

V1 = m1gd1 sin(θ1) ✭✹✳✷✵✮

❨❛ t❡♥✐❡♥❞♦ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ❞❡ m1✱ s❡ ♣r♦❝❡❞❡ ❛ r❡❛❧✐③❛r ❡❧ ♠✐s♠♦ ♣r♦❝❡❞✐♠✐❡♥t♦
♣❛r❛ ❤❛❧❧❛r m2✳

✻✺



❋✐❣✉r❛ ✸✼✿ ❈♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧✐③❛❞❛s ❡♥ m2✳✺✻

❆❤♦r❛ s❡ r❡❛❧✐③❛rá ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ✈❡❝t♦r✐❛❧ ❝♦♥ r❡s♣❡❝t♦ ❛m2 ♣❛r❛ ❛s✐ ♦❜t❡♥❡r X2, Y2

② Z2✳

▼❛♥t❡♥✐❡♥❞♦ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✹✮ ② ✭✹✳✶✺✮✱ ❡♥t♦♥❝❡s✿

X2 = d2 cos(θ1) sin(θ2)

Y2 = d2 cos(θ1) cos(θ2)

Z2 = −d2 sin(θ1) ✭✹✳✷✶✮

❙❡ ❞❡r✐✈❛ ② s✉♠❛ ❝❛❞❛ ✉♥♦ ❛❧ ❝✉❛❞r❛❞♦ ♣❛r❛ ♦❜t❡♥❡r ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ m2✳

ṙ22 = V 2
X2

+ V 2
Y2

+ V 2
Z2

❉❡r✐✈❛♥❞♦✿
Ẋ2 = −d2θ̇1 sin(θ1) sin(θ2) + d2θ̇2 cos(θ1) cos(θ2) = Vx2

Ẏ2 = −d2θ̇1 sin(θ1) cos(θ2)− d2θ̇2 cos(θ1) sin(θ2) = Vy2

Ż2 = −d2θ̇1 cos(θ1) = Vz2

❊❧❡✈❛♥❞♦ ❛❧ ❝✉❛❞r❛❞♦ ❡♥ ❛♠❜♦s ❧❛❞♦s ❞❡ ❧❛ ✐❣✉❛❧❞❛❞✿

Ẋ2
2 = d22θ̇

2
1 sin

2(θ1) sin
2(θ2) + d22θ̇

2
2 cos

2(θ1) cos
2(θ2)

−2d21θ̇1θ̇2 sin(θ1) cos(θ1) sin(θ2) cos(θ2)

Ẏ 2
2 = d22θ̇

2
1 sin

2(θ1) cos
2(θ2) + d22θ̇

2
2 cos

2(θ1) sin
2(θ2)

+2d22θ̇1θ̇2 sin(θ1) cos(θ1) sin(θ2) cos(θ2)

Ż2
2 = d∗2θ̇

2
1 cos

2(θ1)

✺✻❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✻✻



❘❡st❛♥❞♦ ② ❢❛❝t♦r✐③❛♥❞♦✳

ṙ22 = d22θ̇
2
1 sin

2(θ1)
(

sin2(θ2) + cos2(θ2)
)

+ d22θ̇
2
2 cos

2(θ1)
(

cos2(θ2) + sin2(θ2)
)

+ d22θ̇
2
1 cos

2(θ1)

ṙ22 = d22θ̇
2
1 sin

2(θ1) + d22θ̇
2
2 cos

2(θ1) + d22θ̇
2
1 cos

2(θ1)

ṙ22 = d22θ̇
2
1 + d22θ̇

2
2 cos

2(θ1) ✭✹✳✷✷✮

❆❤♦r❛ s❡ ❤❛❧❧❛ ❧❛ ❡♥❡r❣í❛ ❝✐♥ét✐❝❛ ♣❛r❛ m2

T2 =
1

2
m2d

2
2θ̇

2
1 +

1

2
m2d

2
2θ̇

2
2 cos

2(θ1) ✭✹✳✷✸✮

▲✉❡❣♦ s❡ ❝❛❧❝✉❧❛ ❧❛ ❡♥❡r❣í❛ ♣♦t❡♥❝✐❛❧ r❡❡♠♣❧❛③❛♥❞♦ ❝♦♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✶✮

V2 = −m2gd2 sin(θ1) ✭✹✳✷✹✮

❙❡ s✉♠❛♥ ❧❛s ❡♥❡r❣í❛s ❝✐♥ét✐❝❛s T1 ② T2 ② ❧❛s ❡♥❡r❣í❛s ♣♦t❡♥❝✐❛❧❡s V1 ② V2✱ ♣❛r❛ ❞❡s♣✉és
r❡st❛r ❧❛ ❡♥❡r❣í❛s t♦t❛❧❡s✳ ❙✉♠❛♥❞♦ ❧❛s ❡♥❡r❣í❛s ❝✐♥ét✐❝❛s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✷✵✮ ②
✭✹✳✷✹✮✳

VT = V1 + V2

VT = m1gd1 sin(θ1)−m2gd2 sin(θ1)

❙✉♠❛♥❞♦ ❧❛s ❡♥❡r❣í❛s ♣♦t❡♥❝✐❛❧❡s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✾✮ ② ✭✹✳✷✸✮✳

TT = T1 + T2

TT =

(

1

2
m1d

2
1θ̇

2
1 +

1

2
m1d

2
1θ̇

2
2 cos

2(θ1) +
1

2
IT (θ̇

2
1 + θ̇22)

)

+

(

1

2
m2d

2
2θ̇

2
1 +

1

2
m2d

2
2θ̇

2
2 cos

2(θ1)

)

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ r❡st❛♥ ❧❛s ❡♥❡r❣í❛s ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ▲❛❣r❛♥❣❡✳

L = TT − VT

L =
1

2
m1d

2
1

(

θ̇21 + θ̇22 cos
2(θ1)

)

+
1

2
IT (θ̇

2
1 + θ̇22)

+
1

2
m2d

2
2

(

θ̇21 + θ̇22 cos
2(θ1)

)

− (m1gd1 sin(θ1)−m2gd2 sin(θ1))

❙❡ ♣r♦❝❡❞❡ ❛ r❡❛❧✐③❛r ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❝♦♥ r❡s♣❡❝t♦ ❛ θ1✳

∂L

∂θ̇1
= m1d

2
1θ̇1 + IT θ̇1 +m2d

2
2θ̇1

✻✼



∂

∂t

∂L

∂θ̇1
= m1d

2
1θ̈1 + IT θ̈1 +m2d

2
2θ̈1 ✭✹✳✷✺✮

∂L

∂θ1
= −m1d

2
1θ̇

2
2 cos

2(θ1) sin(θ1)−m2d
2
2θ̇

2
2 cos

2(θ1) sin(θ1)

−m1gd1 cos(θ1) +m2gd2 cos(θ1)

✭✹✳✷✻✮

❙❡ r❡st❛♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✷✺✮✱ ✭✹✳✷✻✮ ② s❡ ❛❞✐❝✐♦♥❛ ❧❛ ❱✐s❝♦s✐❞❛❞ ❝✐♥❡♠át✐❝❛ ♣❛r❛
♦❜t❡♥❡r ❡❧ t♦rq✉❡ τ1✳

∂

∂t

∂L

∂θ̇1
− ∂L

∂θ1
+ β1θ̇1 = τ1

τ1 = m1d
2
1θ̈1 + IT θ̈1 +m2d

2
2θ̈1 +m1d

2
1θ̇

2
2 cos

2(θ1) sin(θ1)

+m2d
2
2θ̇

2
2 cos

2(θ1) sin(θ1)

+m1gd1 cos(θ1)−m2gd2 cos(θ1) + β1θ̇1

✭✹✳✷✼✮

❙❡ ♣r♦❝❡❞❡ ❛ r❡❛❧✐③❛r ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ❝♦♥ r❡s♣❡❝t♦ ❛ θ2✳

∂L

∂θ̇2
= m1d

2
1θ̇2 cos

2(θ1) + IT θ̇2 +m2d
2
2θ̇2 cos

2(θ1)

∂

∂t

∂L

∂θ̇2
= m1d

2
1θ̈2 cos

2(θ1)− 2m1d
2
1θ̇1θ̇2 cos(θ1) sin(θ1)

m2d
2
2θ̈2 cos

2(θ1)− 2m2d
2
2θ̇1θ̇2 cos(θ1) sin(θ1) + IT θ̈2

✭✹✳✷✽✮

∂L

∂θ2
= 0 ✭✹✳✷✾✮

❙❡ r❡st❛♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✷✽✮✱ ✭✹✳✷✾✮ ② s❡ ❛❞✐❝✐♦♥❛ ❧❛ ❱✐s❝♦s✐❞❛❞ ❝✐♥❡♠át✐❝❛ ♣❛r❛
♦❜t❡♥❡r ❡❧ t♦rq✉❡ τ2

τ2 = m1d
2
1θ̈2 cos

2(θ1) + IT θ̈2 + β2θ̇2

− 2m1d
2
1θ̇1θ̇2 cos(θ1) sin(θ1)m2d

2
2θ̈2 cos

2(θ1)

− 2m2d
2
2θ̇1θ̇2 cos(θ1) sin(θ1)

✭✹✳✸✵✮

❨ ❛sí ✜♥❛❧♠❡♥t❡ s❡ ♦❜t✐❡♥❡♥ ❧♦s t♦rq✉❡s τ1 ② τ2 q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ r❡♣r❡s❡♥t❛❞❛s ❡♥ ❧❛s
❡❝✉❛❝✐♦♥❡s ✭✹✳✷✼✮ ② ✭✹✳✸✵✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✹✳✺✳✶✳ ▲✐♥❡❛❧✐③❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦✳

❈♦♥ ❧❛ ♦❜t❡♥❝✐ó♥ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✷✼✮ ② ✭✹✳✸✵✮ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ s❡ ♣r♦❝❡❞❡ ❛
r❡❡♠♣❧❛③❛r ❡♥ ❝❛❞❛ ✉♥❛ ❞❡ ❡❧❧❛s ❝♦♥ ❜❛s❡ ❛ ❧♦ s✐❣✉✐❡♥t❡✿

X1 = θ1

X2 = θ̇1

X3 = θ2

X4 = θ̇2

✻✽



❘❡❡♠♣❧❛③❛♥❞♦✱

τ1 =m1d
2
1Ẋ2 + IT Ẋ2 +m2d

2
2Ẋ2 +m1d

2
1X

2
4 cos

2(θ1) sin(θ1)

+m2d
2
2X

2
4 cos

2(θ1) sin(θ1)

+m1gd1 cos(X1)−m2gd2 cos(X1) + β1X2

❙❡ ♦❜t✐❡♥❡ Ẋ1 ② s❡ ❞❡s♣❡❥❛ Ẋ2

Ẋ1 = X2 ✭✹✳✸✶✮

Ẋ2 =
τ1 −m1d

2
1X

2
4 cos

2(θ1) sin(θ1)−m2d
2
2X

2
4 cos

2(θ1) sin(θ1)

m1d21 + IT +m2d22

+
−m1gd1 cos(X1) +m2gd2 cos(X1)− β1X2

m1d21 + IT +m2d22

✭✹✳✸✷✮

❙❡ ♣r♦❝❡❞❡ ❝♦♥ τ2

τ2 = m1d
2
1Ẋ4 cos

2(X1)− 2m1d
2
1X2X4 cos(X1) sin(X1)

+m2d
2
2Ẋ4 cos

2(X1)− 2m2d
2
2X2X4 cos(X1) sin(X1)

+ IT Ẋ4 + β2X4

❙❡ ♦❜t✐❡♥❡ Ẋ3 ② s❡ ❞❡s♣❡❥❛ Ẋ4

Ẋ3 = X4 ✭✹✳✸✸✮

Ẋ4 =
τ2 + 2m1d

2
1X2X4 cos(X1) sin(X1)

m1d21 cos
2(X1) +m2d22 cos

2(X1) + IT

+
2m2d

2
2X2X4 cos(X1) sin(X1)− β2X4

m1d21 cos
2(X1) +m2d22 cos

2(X1) + IT

✭✹✳✸✹✮

❆❤♦r❛ s❡❣ú♥ ❧❛ s✐❣✉✐❡♥t❡ ♠❛tr✐③






















∂F1

∂X1

∂F1

∂X2

∂F1

∂X3

∂F1

∂X4

∂F2

∂X1

∂F2

∂X2

∂F2

∂X3

∂F2

∂X4

∂F3

∂X1

∂F3

∂X2

∂F3

∂X3

∂F3

∂X4

∂F4

∂X1

∂F4

∂X2

∂F4

∂X3

∂F4

∂X4























=









0 1 0 0
a b 0 c
0 0 0 1
0 d 0 e









❉ó♥❞❡✿

a =
2d21m1X4 − 2d22m2X4

m1d21 +m2d22 + IT

b =
−β1

m1d21 +m2d22 + IT

c =
−d21m1 cos

2(X1) sin(X1) + d22m2 cos
2(X1) sin(X1)

m1d21 +m2d22 + IT

✻✾



d =
2d21m1X4 cos(X1) sin(X1) + 2d22m2X4 cos(X1) sin(X1)

d21m1 cos2(X1) + d22m2 cos2(X1) + IT

e =
2d21m1X2 cos(X1) sin(X1) + 2d22m2X2 cos(X1) sin(X1)− β2

d21m1 cos2(X1) + d22m2 cos2(X1) + IT

✑❯♥ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ❞❡❧ s✐st❡♠❛ ❞✐♥á♠✐❝♦ r❡♣r❡s❡♥t❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s
❞❡❧ s✐st❡♠❛✱ ♣♦r ❧♦ q✉❡ ❡st❡ s❡ ❡♥❝✉❡♥tr❛ ❡stát✐❝♦✳ P♦r ❡❥❡♠♣❧♦✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛
s✐ s❡ ❡♥❝✉❡♥tr❛ ❡♥ r❡♣♦s♦ s✐♥ ❛❧❣✉♥❛ ❢✉❡r③❛ ❡①t❡r♥❛ q✉❡ r❡♣r❡s❡♥t❛ ✉♥❛ ❡♥tr❛❞❛✱ ❡♥t♦♥❝❡s
s❡ ❞✐❝❡ q✉❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ✉♥ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦✳ ❊♥t♦♥❝❡s✱ ✉♥ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r♦ ❡stá
❞❛❞♦ ❡♥✿ ẋ = f(x0, u0) = 0✳✑✺✼

❙❡ ❧✐♥❡❛❧✐③❛ ❡♥ ✉♥ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ❞❛❞♦ ♣♦r✿

X1 = −59◦

X2 = 0

X3 = 0

X4 = 0

❙❡ ♣r♦❝❡❞❡ ❛ r❡❡♠♣❧❛③❛r ❡♥ ❧❛ ♠❛tr✐③

A =









0 1 0 0
0 a 0 b
0 0 0 1
0 0 0 c

















X1

X2

X3

X4









✭✹✳✸✺✮

❉♦♥❞❡

a =
−β1

m1d21 +m2d22 + IT
✭✹✳✸✻✮

b =
−d21m1 cos

2(X1) sin(X1) + d22m2 cos
2(X1) sin(X1)

m1d21 +m2d22 + IT
✭✹✳✸✼✮

c =
−β2

d21m1 cos2(X1) + d22m2 cos2(X1) + IT
✭✹✳✸✽✮

B =









0 0
1 0
0 0
0 1









[

τ1
τ2

]

✭✹✳✸✾✮

C =









1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

















X1

X2

X3

X4









✭✹✳✹✵✮

✺✼❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✸ ❞❡ ◆♦✈✐❡♠❜r❡ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥
❤tt♣✿✴✴✇✇✇✳✜♠❡✳✉❛♥❧✳♠①✴s❛❧✐♥❛s✴❆P❯◆❚❊❙✺❴❈▼✳♣❞❢
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D =









0 0
0 0
0 0
0 0









[

τ1
τ2

]

✭✹✳✹✶✮

▲♦s ✈❛❧♦r❡s ❞❡ ❝❛❞❛ tér♠✐♥♦ s♦♥ ❧♦s s✐❣✉✐❡♥t❡s✿

m1 = 1.6Kg

m2 = 1.4Kg

d1 = 0.2m

d2 = 0.2m

β1 = 0.8mm2/s

β2 = 0.8mm2/s

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✶✮ s❡ ♦❜t✐❡♥❡ ❧❛ ✐♥❡r❝✐❛ t♦t❛❧✳

IT = 128.27 · 10−3Kg ·m2

✹✳✻✳ ❉■❙❊Ñ❖ ❉❊ ❈❖◆❚❘❖▲❆❉❖❘❊❙

P❛r❛ ❝♦♥tr♦❧❛r ❡❧ s✐st❡♠❛ s❡ t✉✈♦ ❡♥ ❝✉❡♥t❛ ❧❛s ♠❛tr✐❝❡s ② ❧♦s ✈❛❧♦r❡s ❞❡ t♦❞❛s ❧❛s
✈❛r✐❛❜❧❡s ♣❛r❛ ♦❜t❡♥❡r ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ P✐t❝❤ ✭θ1✮ ② ❨❛✇
✭θ2✮✳ ❈♦♥ ❡❧ ❝♦♠❛♥❞♦ ss2tf ❞❡ ▼❛t❧❛❜ ❘© s❡ ♦❜t✉✈✐❡r♦♥ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢❡r❡♥❝✐❛
❧❛s ❝✉❛❧❡s s♦♥✿

Gθ1S =
0.007327s+ 8.677 · 10−18

s4 + 8.219s3 + 16.1s2
✭✹✳✹✷✮

Gθ2S =
s+ 3.222

s4 + 8.219s3 + 16.1s2
✭✹✳✹✸✮

❆❤♦r❛ s❡ ♦❜t❡♥❞rá♥ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ❛❧❣❡❜r❛✐❝❛♠❡♥t❡✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛

ẋ = Ax+Bu

y = Cx

❆♣❧✐❝❛♥❞♦ ▲❛♣❧❛❝❡
sx(s) = Ax(s) + Bu(s)

y(s) = Cx(s)

❙❡ ❞❡s♣❡❥❛ Bu(s)✱ s❡ ❢❛❝t♦r✐③❛ ② ❧✉❡❣♦ s❡ ❞❡s♣❡❥❛ x(s)

Bu(s) = (sI − A)x(s)

x(s) = (sI − A)−1Bu(s)

✼✶



❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ y(s)

y(s) = C(sI − A)−1Bu(s)

❙❡ ❡①♣r❡s❛ ❧❛ ❡❝✉❛❝✐ó♥ y(s)/u(s) ♣❛r❛ ♦❜t❡♥❡r ❧❛ ❢✉♥❝✐ó♥ ❞❡ tr❛♥s❢❡r❡♥❝✐❛✳

y(s)

u(s)
= C

adj(sI − A)

det(sI − A)
B

P❛r❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ θ1 s❡ ❞❡❜❡ ❞❡ t❡♥❡r ❡♥ ❝✉❡♥t❛

C =
[

1 0 0 0
]

B =









0
1
0
0









❘❡❛❧✐③❛♥❞♦ ❧♦s ❝❛❧❝✉❧♦s s❡ t✐❡♥❡✿

Gθ1S =
0.007327s+ 8.677 · 10−18

s4 + 8.219s3 + 16.1s2
✭✹✳✹✹✮

P❛r❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ❝♦♥ r❡s♣❡❝t♦ ❛ θ2 s❡ ❞❡❜❡ ❞❡ t❡♥❡r ❡♥ ❝✉❡♥t❛

C =
[

0 0 1 0
]

B =









0
0
0
1









❘❡❛❧✐③❛♥❞♦ ❧♦s ❝á❧❝✉❧♦s s❡ t✐❡♥❡✿

Gθ2S =
s+ 3.222

s4 + 8.219s3 + 16.1s2
✭✹✳✹✺✮

❈♦♠♣❛r❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✷✮ ❝♦♥ ✭✹✳✹✹✮ ② ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✸✮ ❝♦♥ ✭✹✳✹✺✮✱ s❡ ❝♦♠♣r✉❡✲
❜❛♥ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ♦❜t❡♥✐❞♦s ♣♦r ❞♦s ♠ét♦❞♦s ♠❡♥❝✐♦♥❛❞♦s
❛♥t❡r✐♦r♠❡♥t❡✳

✹✳✻✳✶✳ ❈♦♥tr♦❧❛❞♦r ❙■❙❖

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧♦ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ s❡ ♣r♦❝❡❞✐ó ❛ ❛♣❧✐❝❛r ❡❧ ❈r✐t❡r✐♦ ❞❡
❡st❛❜✐❧✐❞❛❞ ❞❡ ❘♦✉t❤ ❍✉r✇✐t③ ❝♦♥ ❡❧ ❝✉❛❧ s❡ ♣✉❡❞❡ ❝♦♥♦❝❡r ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡ ✉♥ s✐st❡♠❛
s✐♥ ♥❡❝❡s✐❞❛❞ ❞❡ ❢❛❝t♦r✐③❛r s✉s r❛í❝❡s ❬✸✵❪✳ P❛r❛ ❛♣❧✐❝❛r ❡❧ ❛rr❡❣❧♦ s❡ ❞❡❜❡ ♦❜t❡♥❡r ❧❛
❡❝✉❛❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛✱ ♣♦r ❧♦ ❝✉❛❧ s❡ ❝❡rró ❡❧ ❧❛③♦ ❝♦♠♦ s❡ ✈❡ ❡♥ ❧❛ ❋✐❣✉r❛ ✸✽ ② s❡
r❡❛❧✐③ó ❛❧❣❡❜r❛ ❞❡ ❜❧♦q✉❡s✳

✼✷



❋✐❣✉r❛ ✸✽✿ ❉✐❛❣r❛♠❛ ❞❡ ❜❧♦q✉❡s ❧❛③♦ ❝❡rr❛❞♦✳✺✽

➪♥❣✉❧♦ P✐t❝❤

P❛r❛ ❡❧ á♥❣✉❧♦ θ1 q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✹✮✳

Gθ1s = GP1

P(s) =
kGp1

1 + kGp1

▲❛ ❡❝✉❛❝✐ó♥ ❝❛r❛❝t❡r✐st✐❝❛ ❡s ❧❛ s✐❣✉✐❡♥t❡✿

P(s) = s4 + 8.219s3 + 16.1s2 + 7.327 · 10−3sK + 8.677 · 10−18K

❆❤♦r❛ s❡ ♣r♦❝❡❞❡ ❛ r❡❛❧✐③❛r ❡❧ ❛rr❡❣❧♦ ❞❡ ❘♦✉t❤ ❍✉r✇✐t③✳

s4 1 16.1 8.677 ·10−18K

s3 8.219 7.327 · 10−3K

s2 −891.471 · 10−6(K − 18.06 · 103) 8.677 ·10−18K

s1 7.327·10−3K(K−18.06·103)
K−18.06·103

s0 8.677 · 10−18K

❈✉❛❞r♦ ✶✹✿ ❆rr❡❣❧♦ ❞❡ ❘♦✉t❤ ❍✉r✇✐t③θ1✳✺✾

P❛r❛ ❛♣❧✐❝❛r ❡❧ ♠ét♦❞♦ ❞❡ ❩✐❡❣❧❡r✲◆✐❝❤♦❧s s❡ ❤❛❧❧ó ❧❛ ❣❛♥❛♥❝✐❛ ② ❡❧ t✐❡♠♣♦ ❝rít✐❝♦✱ ♣♦r ❧♦
❛♥t❡r✐♦r s❡ ❞❡s❡❛♥ r❛í❝❡s s✐♠étr✐❝❛s ② s❡ ❜✉s❝ó ✜❧❛s ❞❡ ❝❡r♦s✳ ❙❡ ❡♥❝♦♥tró ✉♥ ✈❛❧♦r ♣❛r❛
Kcr ✭❞❡❜❡ s❡r ♣♦s✐t✐✈♦✮ ♣❛r❛ q✉❡ ✉♥❛ ❞❡ ❧❛s ✜❧❛s s❡❛ ✐❣✉❛❧ ❛ 0✱ s❡ ❤❛❧❧ó r❛í❝❡s ❝rít✐❝❛s
♣❛r❛ ❧❛ ✜❧❛ s1✱ ❞❡s♣❡❥❛♥❞♦ s❡ ♦❜t✉✈♦

Kcr = 18.63 · 103 o Kcr = 0

✺✽❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✺✾❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✼✸



❋✐❣✉r❛ ✸✾✿ ❖s❝✐❧❛❝✐♦♥❡s ❙♦st❡♥✐❞❛s ❞❡ Gθ1s✳✻✵

▲❛s r❛í❝❡s ❝rít✐❝❛s s♦♥ ❧❛s r❛í❝❡s ❞❡❧ ♣♦❧✐♥♦♠✐♦ ❛✉①✐❧✐❛r✱ ❝♦♥❢♦r♠❛❞♦ ❝♦♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s
❞❡ ❧❛ ✜❧❛ ❛♥t❡r✐♦r✳

A(s) = 8.219s3 + 7.327 · 10−3Ks

❈✉②❛s r❛✐❝❡s s♦♥
s1,2 = ±4.012i

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛
Tcr =

2π

wcr

❊♥t♦♥❝❡s
Tcr =

2π

4.012
= 1.56s

P♦r ❡❧ ♠ét♦❞♦ ❞❡ ❩✐❡❣❧❡r✲◆✐❝❤♦❧s ♣❛r❛ ♦❜t❡♥❡r ✉♥ ❝♦♥tr♦❧❛❞♦r P■❉ s❡ ❞❡❜❡ t❡♥❡r ❡♥
❝✉❡♥t❛

Ti = 0.5Tcr

Td = 0.125Tcr

Kp = 0.6
Kcr

K

Ki =
Kp

Ti

Kd = KpTd

❉♦♥❞❡
K = ĺım

s→0
Gθ1s = 8.677 · 10−18

❊♥t♦♥❝❡s✱ ❝♦♥ ✉♥ Kcr = 18.63 · 103

Ti = 0.783

✻✵❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✼✹



Td = 0.195

Kp = 1.29 · 1021

Ki = 1.645 · 1021

Kd = 252.18 · 1018

❈♦♥ ❧♦s ✈❛❧♦r❡s ❞❡ Kp✱ Ki ② Kd s❡ ♦❜t✉✈♦ ✉♥❛ r❡s♣✉❡st❛ ✐❞❡❛❧ ❞❡ ♣✐t❝❤✱ ♣❡r♦ ❞❡❜✐❞♦ ❛
❧♦ ❛♥t❡r✐♦r ❡❧ t✐❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥ ❡s ❞❡♠❛s✐❛❞♦ ♣❡q✉❡ñ♦ ❝♦♠♦ s❡ ✈❡ ❡♥ ❧❛ ❋✐❣✉r❛
✹✵❛✱ s❡ s✐♥t♦♥✐③ó ❡❧ ❝♦♥tr♦❧❛❞♦r ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ r❡s♣✉❡st❛ ♠ás ❝❡r❝❛♥❛ ❛ ❧❛ r❡❛❧✐❞❛❞✱
❡♥ ❧❛ ❋✐❣✉r❛ ✹✵❜ s❡ ✐❧✉str❛ ❧❛ ❡st❛❜✐❧✐③❛❝✐ó♥ ❞❡❧ á♥❣✉❧♦✳

✭❛✮ ❖s❝✐❧❛❝✐♦♥❡s s♦st❡♥✐❜❧❡s ✭❜✮ ❈♦♥tr♦❧❛❞♦r s✐♥t♦♥✐③❛❞♦

❋✐❣✉r❛ ✹✵✿ ❘❡s♣✉❡st❛ ❛ ✉♥ ❡s❝❛❧ó♥✳✻✶

▲♦s ✈❛❧♦r❡s ❞❡ ❧❛ s✐♥t♦♥✐③❛❝✐ó♥ s♦♥✿

Kp = 100

Ki = 20 · 103

Kd = 200

➪♥❣✉❧♦ ❨❛✇
❙❡ ❝♦♥t✐♥✉ó ❝♦♥ θ2 q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✺✮✳ ▲❛ ❡❝✉❛❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛ ❡s
❧❛ s✐❣✉✐❡♥t❡

P(s) = s4 + 8.219s3 + 16.1s2 + 1sK + 3.222K

❆❤♦r❛ s❡ ♣r♦❝❡❞❡ ❛ r❡❛❧✐③❛r ❡❧ ❛rr❡❣❧♦✳

✻✶❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
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s4 1 16.1 3.222K

s3 8.219 1K

s2 −121.669 · 10−3(K − 132.326) 3.222K

s1 K(K+85.326)
K−132.326

s0 3.222K

❈✉❛❞r♦ ✶✺✿ ❆rr❡❣❧♦ ❞❡ ❘♦✉t❤ ❍✉r✇✐t③ θ2✳✻✷

❖❜t❡♥✐❡♥❞♦
Kcr = 132.326

❊♥ ❧❛ ❋✐❣✉r❛ ✹✶ s❡ ♦❜s❡r✈❛ ❧❛s ♦s❝✐❧❛❝✐♦♥❡s s♦st❡♥✐❞❛s✱ ❝♦♥ ❡❧ Kcrhallado ✳

❋✐❣✉r❛ ✹✶✿ ❖s❝✐❧❛❝✐♦♥❡s ❙♦st❡♥✐❞❛s ❞❡ Gθ2s✳✻✸

❘❛✐❝❡s ❞❡❧ ♣♦❧✐♥♦♠✐♦ ❛✉①✐❧✐❛r✳

A(s) = 8.219s3 +Ks

❈✉②❛s r❛✐❝❡s s♦♥
s1,2 = ±4.012

❊♥t♦♥❝❡s
Tcr = 1.56s

✻✷❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✻✸❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✼✻



❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❡❧ ♠ét♦❞♦ ❞❡ ❩✐❡❣❧❡r✲◆✐❝❤♦❧s ♣❛r❛ ❡❧ ❝♦♥tr♦❧❛❞♦r P■❉ s❡ ♦❜t✉✈♦

K = ĺım
s→0

Gθ1s = 3.222

❊♥t♦♥❝❡s
Ti = 0.783

Td = 0.195

Kp = 24.6417

Ki = 31.472

Kd = 4.823

❈♦♥ ❧♦s ✈❛❧♦r❡s ❞❡ Kp✱ Ki ② Kd s❡ ♦❜t✉✈♦ ✉♥❛ r❡s♣✉❡st❛ ✐❞❡❛❧ ❞❡ ❨❛✇✱ s❡ ✐❧✉str❛ ❡♥ ✹✷
❧❛ ❡st❛❜✐❧✐③❛❝✐ó♥ ❞❡❧ á♥❣✉❧♦✳

❋✐❣✉r❛ ✹✷✿ ❘❡s♣✉❡st❛ ❛ ✉♥ ❡s❝❛❧ó♥✳✻✹

❊♥ ❧❛ ❋✐❣✉r❛ ✹✸ s❡ ♦❜s❡r✈❛ ❡❧ ❞✐❛❣r❛♠❛ ❞❡❧ ❝♦♥tr♦❧❛❞♦r ❙■❙❖ ❛❝♦♣❧❛❞♦ ❛❧ ❤❡❧✐❝ó♣t❡✲
r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✱ ♣❛r❛ ♦❜s❡r✈❛r s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦ r❡❛❧✳

✻✹❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✼✼



❋✐❣✉r❛ ✹✸✿ ❈♦♥tr♦❧❛❞♦r ❙■❙❖ ❡♥ ❙✐♠✉❧✐♥❦✳✻✺

❯♥❛ ✈❡③ ❛❞❛♣t❛❞♦ ❡❧ ❝♦♥tr♦❧❛❞♦r✱ ❧❛ ♣❧❛♥t❛ t✉✈♦ ✉♥❛s r❡s♣✉❡st❛s r❡❛❧❡s ❡♥ P✐t❝❤ ②
❨❛✇✱ ❧❛s ❝✉❛❧❡s ❝♦♥t❛❜❛♥ ❝♦♥ ✉♥❛s r❡❢❡r❡♥❝✐❛s ✈❛r✐❛❜❧❡s ♣❛r❛ ♦❜s❡r✈❛r s✉ ❝♦♠♣♦rt❛✲
♠✐❡♥t♦ ❛ ❧❛ ❛❝❝✐ó♥ ❞❡ ❝♦♥tr♦❧✱ ❞♦♥❞❡ s❡ ✈✐s✉❛❧✐③❛ s✉ r❛♣✐❞❛ ❡st❛❜✐❧✐③❛❝✐ó♥✱ s❡ ♠✉❡str❛♥
❡♥ ❧❛s ❋✐❣✉r❛s ✹✹ ② ✹✺✳

❋✐❣✉r❛ ✹✹✿ ❘❡s♣✉❡st❛ ❞❡❧ á♥❣✉❧♦ P✐t❝❤✳✻✻

❊♥ ❧❛ ❣rá✜❝❛ ❞❡ ❨❛✇ s❡ ♦❜s❡r✈❛ ❡♥ ❡❧ ✐♥✐❝✐♦ s❡ t✐❡♥❡ ✉♥ s♦❜r❡ ♣✐❝♦ ❞❡ ❞✉r❛❝✐ó♥ ❞❡ ♠ás
♦ ♠❡♥♦s ✾ s❡❣✉♥❞♦s✱ ❡st♦ s❡ ❞❡❜❡ ❛❧ ❡❢❡❝t♦ ❞❡ ❝♦r✐♦❧✐s ❣❡♥❡r❛❞♦ ♣♦r ❧❛ ❤é❧✐❝❡ ❞❡ P✐t❝❤✱
♣❡r♦ ❡❧ ❝♦♥tr♦❧❛❞♦r ❡♥tr❛ rá♣✐❞❛♠❡♥t❡ ❛ ❝♦rr❡❣✐r❧♦ ② ❛ s❡❣✉✐r ❧❛ r❡❢❡r❡♥❝✐❛ ✈❛r✐❛❜❧❡✳

✻✺❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✻✻❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✼✽



❋✐❣✉r❛ ✹✺✿ ❘❡s♣✉❡st❛ ❞❡❧ á♥❣✉❧♦ ❨❛✇✳ ✻✼

✹✳✼✳ ❙■❙❚❊▼❆❉❊ ❈❖◆❚❘❖▲▼■▼❖ ❈❘❖❙❙✲❈❖◆❚❘❖▲ P❖❘
❉❊❙❆❈❖P▲❊

❊❧ ❝♦♥tr♦❧ P■❉ ▼■▼❖ ❈r♦ss✲❝♦♥tr♦❧ ♣♦r ❞❡s❛❝♦♣❧❡ ❝♦♥s✐st❡ ❡♥ ❛♣❧✐❝❛r ✹ ❝♦♥tr♦❧❛❞♦r❡s
P■❉s ❧♦s ❝✉❛❧❡s ♣❡r♠✐t✐rá♥ ❞❡s❛❝♦♣❧❛r ❡s s✐st❡♠❛ ② r❡❛❧✐③❛r ✉♥❛ ❛❝❝✐ó♥ ❞❡ ❝♦♥tr♦❧ q✉❡
t❡♥❣❛ ❡♥ ❝✉❡♥t❛ ❧❛s ✈❛r✐❛❝✐♦♥❡s q✉❡ ❣❡♥❡r❛ ✉♥ ❣r❛❞♦ ❞❡ ❧✐❜❡rt❛❞ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♦tr♦✱ ❡♥
❡st❡ ❝❛s♦ θ1 ② θ2✳P❛r❛ r❡❛❧✐③❛r ❡st❛ té❝♥✐❝❛ ♣r✐♠❡r♦ s❡ ❞❡❜❡ ❛♥❛❧✐③❛r ❧❛ ❡str✉❝t✉r❛ q✉❡
r✐❣❡ ❛ ❡st❡ ❝♦♥tr♦❧❛❞♦r✱ ❧❛ ❝✉❛❧ s❡ ♠✉❡str❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❬✸✶❪✿
✭▲♦s ❝❛❧❝✉❧♦s q✉❡ s❡ r❡❛❧✐③❛rá♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❞❡❥❛rá♥ ❡①♣r❡s❛❞♦s ❡♥ ❧❡tr❛s ♣❛r❛ ✉♥❛
♠❛②♦r ❢❛❝✐❧✐❞❛❞ ❞❡ ❛♥á❧✐s✐s✮

❋✐❣✉r❛ ✹✻✿ ❊str✉❝t✉r❛ ❞❡ ▼■▼❖ ❞❡s❛❝♦♣❧❛❞♦✳✻✽

✻✼❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✻✽❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✼✾



▼❛t❡♠át✐❝❛♠❡♥t❡ ❡st❛ ❡str✉❝t✉r❛ s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

U1 = K11e1 +K21e2

U2 = K12e1 +K22e2

❉♦♥❞❡ ✈❡❝t♦r✐❛❧♠❡♥t❡ s❡ ✈❡ ❡①♣r❡s❛❞♦ ❝♦♠♦✿
[

U1

U2

]

=

[

K11 K21

K12 K22

]

∗
[

e1
e2

]

❊st❛ ❡①♣r❡s✐ó♥ s❡ ♣✉❡❞❡ r❡❞✉❝✐r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿
[

U1

U2

]

=
[

K
]

∗
[

r1 − Y1

r2 − Y2

]

[

U1

U2

]

=
[

K
]

∗
[

r1
r2

]

−
[

K
]

∗
[

Y1

Y2

]

❘❡❡♠♣❧❛③❛♥❞♦ ❡♥✿
[

Y1

Y2

]

=

[

G11 G21

G12 G22

]

∗
[

U1

U2

]

◗✉❡❞❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

[

Y1

Y2

]

=

[

G11 G21

G12 G22

]

∗
(

[

K
]

[

r1
r2

]

−
[

K
]

[

Y1

Y2

])

❙✐♠♣❧✐✜❝❛♥❞♦ ❡st❛ ❡①♣r❡s✐ó♥ ♥♦s q✉❡❞❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿
[

Y
]

=
[

G
]

∗
[

KR−KY
]

❉❡s♣❡❥❛♥❞♦
(I+GK)Y = GKR

❉❡s♣❡❥❛♥❞♦ ❨✿
Y = (I+GK)−1 ∗GKR

❉♦♥❞❡ G ② K s♦♥ ♠❛tr✐❝❡s ✷①✷✱ I ② R s♦♥ ♠❛tr✐❝❡s ✷①✶✳

▲❛s ❢✉♥❝✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ G11✱ G12✱ G21 ② G22 q✉❡ s♦♥ r❡s♣❡❝t♦ ❛ P✐t❝❤ ✭θ1✮✱
❨❛✇ ✭θ2✮✱ t♦rq✉❡ ✶ ✭τ1✮ ② t♦rq✉❡ ✷ ✭τ2✮✳ ❈♦♥ ❡❧ ❝♦♠❛♥❞♦ ss2tf ❞❡ ▼❛t❧❛❜ ❘© s❡ ♦❜t✉✈✐❡✲
r♦♥ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ❧❛s ❝✉❛❧❡s s♦♥✿

G11 = Gθ1τ1S =
s2 + 49.97 · 10−18

s4 + 8.219s3 + 16.1s2
✭✹✳✹✻✮

✽✵



G22 = Gθ2τ2S =
s2 + 3.222

s4 + 8.219s3 + 16.1s2
✭✹✳✹✼✮

G12 = Gθ1τ2S =
0.007327s+ 8.677 · 10−18

s4 + 8.219s3 + 16.1s2
✭✹✳✹✽✮

G21 = Gθ2τ1S =
0.001s

s4 + 8.219s3 + 16.1s2
✭✹✳✹✾✮

▼❛♥t❡♥✐❡♥❞♦ ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡❧ ❝♦♥tr♦❧ ❙■❙❖ s❡ ❤✐③♦ ✉♥❛ s✐♥t♦♥✐③❛❝✐ó♥ ♣❛r❛ ❧♦s
❝✉❛tr♦ ❝♦♥tr♦❧❛❞♦r❡s✱ ❧♦s ❝✉❛❧❡s s♦♥✿

Gθτ Kp Ki Kd

G11 120.3 135.5 80
G12 8 5 0.1
G21 7 6 0.4
G22 42 28 9.35

❈✉❛❞r♦ ✶✻✿ ❙✐♥t✐♥✐③❛❝✐ó♥ ❝♦♥st❛♥t❡s P■❉✳✻✾

❘❡❛❧✐③❛♥❞♦ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ✈✐rt✉❛❧♠❡♥t❡ ❡❧ ❝♦♥tr♦❧❛❞♦r
s❡ ❝♦♠♣♦rtó ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

❋✐❣✉r❛ ✹✼✿ ❈♦♥tr♦❧❛❞♦r ▼■▼❖ ♣♦r ❞❡s❛❝♦♣❧❡ ❡♥ ❙✐♠✉❧✐♥❦✳✼✵

▲♦s ❝♦♥tr♦❧❛❞♦r❡s s❡ s✐♥t♦♥✐③❛r♦♥✱ ❛❣r❡❣á♥❞♦❧❡ ❛❧ ❜❧♦q✉❡ P■❉ ❈♦♥tr♦❧❧❡r P ✉♥ ✐♠♣✉❧s♦
② ✈✐s✉❛❧✐③❛♥❞♦ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡♥ ❧❛ s❛❧✐❞❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ❞❡ P✐t❝❤
② ❝❛♠❜✐❛r ❧❛s ❝♦♥st❛♥t❡s ❑♣✱ ❑✐ ② ❑❞ ♣❛r❛ q✉❡ s❡ ❧❧❡❣❛r❛ ❛ ❧❛ r❡❢❡r❡♥❝✐❛ ❞❡ ❧❛ ♠❡❥♦r
♠❛♥❡r❛ ② ❞❡❧ ♠✐s♠♦ ♠♦❞♦ ❛❧ ❝♦♥tr♦❧❛❞♦r ❞❡ P✐t❝❤✲❨❛✇✱ ❧♦ q✉❡ ❞❛ ✉♥❛ r❡❧❛❝✐ó♥ ❡♥tr❡
❧❛s ❡♥tr❛❞❛s ② s❛❧✐❞❛s ❝r✉③❛❞❛s ❞❡ ❧♦s á♥❣✉❧♦s P✐t❝❤ ② ❨❛✇✳ ❙❡ r❡❛❧✐③ó ❡❧ ♠✐s♠♦ ♣r♦❝❡✲
❞✐♠✐❡♥t♦ ♣❛r❛ ❡❧ ❝♦♥tr♦❧❛❞♦r ❨❛✇ ② ❨❛✇✲P✐t❝❤✳

✻✾❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✼✵❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✽✶



P✐t❝❤ ② ❨❛✇ s❡ ❝♦♠♣♦rt❛r♦♥ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❧❛s ❋✐❣✉r❛s ✹✽ ② ✹✾

❋✐❣✉r❛ ✹✽✿ ❘❡s♣✉❡st❛ ❞❡ P✐t❝❤ ❛ ❧❛ r❡❢❡r❡♥❝✐❛✳✼✶

❋✐❣✉r❛ ✹✾✿ ❘❡s♣✉❡st❛ ❞❡ ❨❛✇ ❛ ❧❛ r❡❢❡r❡♥❝✐❛✳ ✼✷

❊♥ ❧❛ ❋✐❣✉r❛ ✺✵ s❡ ♦❜s❡r✈❛ ❡❧ ❞✐❛❣r❛♠❛ ❞❡❧ ❝♦♥tr♦❧❛❞♦r ▼■▼❖ ❛❝♦♣❧❛❞♦ ❛❧ ❤❡❧✐❝ó♣✲
t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ✱ ♣❛r❛ ♦❜s❡r✈❛r s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦ r❡❛❧✳ ❊st❡ ❝✉❡♥t❛
❝♦♥ ✹ ❝♦♥tr♦❧❛❞♦r❡s✱ ❞♦s ✈❛♥ ❡♥ s❡r✐❡ ❝♦♠♦ s✐ ❢✉❡r❛ ❡❧ ❝♦♥tr♦❧❛❞♦r ❙■❙❖✱ ② ♦tr♦s ❞♦s✱
❧♦s ❝✉❛❧❡s s❡ ❡♥❝❛r❣❛r ❡♥ ❞❡s❛❝♦♣❧❛r ❛❧ s✐st❡♠❛✱ ♣❡r♠✐t✐❡♥❞♦ q✉❡ ❧❛ ❡♥tr❛❞❛ ❞❡❧ á♥❣✉❧♦
P✐t❝❤ ❛❢❡❝t❡ ❛ ❧❛s s❛❧✐❞❛ ❞❡❧ á♥❣✉❧♦ ❨❛✇ ② ❛sí ♣❡r♠✐t✐r ❝♦♥tr♦❧❛r ❧♦s ❡❢❡❝t♦s q✉❡ ❣❡♥❡r❛♥
❡♥tr❡ sí✳

✼✶❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✼✷❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✽✷



❋✐❣✉r❛ ✺✵✿ ❈♦♥tr♦❧❛❞♦r ▼■▼❖ ❡♥ ❙✐♠✉❧✐♥❦✳✼✸

❋✐❣✉r❛ ✺✶✿ ❊str✉❝t✉r❛ ✐♥t❡r♥❛ ❝♦♥tr♦❧❛❞♦r ▼■▼❖ ❡♥ ❙✐♠✉❧✐♥❦✳✼✹

❯♥❛ ✈❡③ ❛❞❛♣t❛❞♦ ❡❧ ❝♦♥tr♦❧❛❞♦r ❧❛ ♣❧❛♥t❛ t✉✈♦ ✉♥❛s r❡s♣✉❡st❛s r❡❛❧❡s ❡♥ P✐t❝❤ ② ❨❛✇✱
❧❛s ❝✉❛❧❡s ❝♦♥t❛❜❛♥ ❝♦♥ ✉♥❛s r❡❢❡r❡♥❝✐❛s ✈❛r✐❛❜❧❡s ♣❛r❛ ♦❜s❡r✈❛r s✉ r❛♣✐❞❛ ❡st❛❜✐❧✐③❛❝✐ó♥✱
❝♦♠♦ s❡ ✈✐s✉❛❧✐③❛ ❡♥ ❧❛s ❋✐❣✉r❛s ✺✷ ② ✺✸✳

✼✸❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✼✹❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✽✸



❋✐❣✉r❛ ✺✷✿ ❘❡s♣✉❡st❛ ❞❡❧ á♥❣✉❧♦ P✐t❝❤✳✼✺

❋✐❣✉r❛ ✺✸✿ ❘❡s♣✉❡st❛ ❞❡❧ á♥❣✉❧♦ ❨❛✇✳✼✻

❈♦♠♣❛r❛♥❞♦ ❧❛s ✜❣✉r❛s ✹✽ ② ✹✾ q✉❡ ♠✉❡str❛♥ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ ❤❡❧✐❝ó♣t❡r♦ ✈✐rt✉❛❧
❝♦♥ ❧❛s ✜❣✉r❛s ✺✷ ② ✺✸ q✉❡ s♦♥ ❧❛s ❞❡❧ ❤❡❧✐❝ó♣t❡r♦ ❋ís✐❝♦✱ s❡ ♥♦t❛ q✉❡ ❡st❡ ❝♦♥tr♦❧❛❞♦r
t✉✈♦ ♣r♦❜❧❡♠❛s ❡♥ ❧❧❡❣❛r ❛ ❧❛ r❡❢❡r❡♥❝✐❛ rá♣✐❞❛♠❡♥t❡ ② ❢✉❡ ❝❛s✐ ✐♠♣♦s✐❜❧❡ ❡rr❛❞✐❝❛r ❡❧
s♦❜r❡ ♣✐❝♦ ❡♥ ❛♠❜♦s á♥❣✉❧♦s✳

✼✺❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✼✻❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✽✹



✹✳✽✳ ❈❖◆❚❘❖▲ P■ ❱❊❈❚❖❘■❆▲

✹✳✽✳✶✳ ❙✐♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦✳

❆ ♣❛rt✐r ❞❡❧ s✐st❡♠❛ ❞❡s❝r✐t♦ ♣♦r ❡❝✉❛❝✐♦♥❡s ❞❡ ❡st❛❞♦✱ s❡ ♣✉❡❞❡ ❛♥❛❧✐③❛r ❧❛ ❡str✉❝t✉r❛
❞❡ ❡st❡ t✐♣♦ ❞❡ ❝♦♥tr♦❧❛❞♦r✳

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t)

❊❧ ❡sq✉❡♠❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ r❡♣r❡s❡♥t❛ ❡❧ s✐st❡♠❛ ❞❡s❝r✐t♦ ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ❡st❛❞♦
❛❝♦♣❧❛❞♦ ❝♦♠♦ P■ ❱❡❝t♦r✐❛❧✳
✭▲♦s ❝❛❧❝✉❧♦s q✉❡ s❡ r❡❛❧✐③❛rá♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❞❡❥❛rá♥ ❡①♣r❡s❛❞♦s ❡♥ ❧❡tr❛s ♣❛r❛ ✉♥❛
♠❛②♦r ❢❛❝✐❧✐❞❛❞ ❞❡ ❛♥á❧✐s✐s✮

❋✐❣✉r❛ ✺✹✿ ❊str✉❝t✉r❛ ❞❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧✳✼✼

❙❡ ❛♥❛❧✐③ó ❡❧ ❡sq✉❡♠❛ ❞❡ ❧❛ ❋✐❣✉r❛ ✺✹ ② s❡ ♦❜t✉✈♦ ❧♦ s✐❣✉✐❡♥t❡

U = K1x+K2z

❉♦♥❞❡ Ż r❡♣r❡s❡♥t❛ ❡❧ ❡rr♦r ❞❡ r❛str❡♦ ❞❡❧ s✐st❡♠❛

r − y = e = ż

ż = −Cx+ r ✭✹✳✺✵✮

ż ♣❡r♠✐t❡ q✉❡ ❧❛ s❛❧✐❞❛ s✐❣❛ ♠❡❥♦r ❧❛ r❡❢❡r❡♥❝✐❛✳

ẋ = Ax+B(K1x+K2z)

✼✼❋✉❡♥t❡✿ ❚♦♠❛❞❛ ❡❧ ✶✵ ❞❡ ❙❡♣t✐❡♠❜r❡ ❞❡ ✷✵✶✹✳ ❉✐s♣♦♥✐❜❧❡ ❡♥ ❉■❆❩✱ ❍❡r♥❛♥❞♦✳ ❋✉♥❞❛♠❡♥t♦s ❞❡
❝♦♥tr♦❧✳ ❉✐s❡ñ♦ ❝♦♥ ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦✳ ♣✳ ✶✶✼✲✶✹✻

✽✺



❋❛❝t♦r✐③❛♥❞♦
ẋ = (A+BK1)x+BK2z

▲♦ ❛♥t❡r✐♦r ❞❡♠✉❡str❛ ❧❛ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡❧ s✐st❡♠❛✳

ẋ = Ax+Bu ✭✹✳✺✶✮

▲❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✺✶✮ ② ✭✹✳✺✵✮ s❡ ♣✉❡❞❡♥ r❡♣r❡s❡♥t❛r ✈❡❝t♦r✐❛❧♠❡♥t❡ ❝♦♠♦
[

ẋ
ż

]

=

[

A 0
−C 0

] [

x
z

]

+

[

B
0

]

u+

[

0

İ

]

r

y =
[

C 0
]

[

x
z

]

❉♦♥❞❡ İ ❡s ✉♥❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞ nX1✳ ❆❤♦r❛ ❡s ♣♦s✐❜❧❡ s❡❧❡❝❝✐♦♥❛r ✉♥❛ ♠❛tr✐③ ❞❡
❣❛♥❛♥❝✐❛s K1 ② K2✳ ❆❞✐❝✐♦♥❛♥❞♦ ❡st❛s ♠❛tr✐❝❡s ❞❡ ❣❛♥❛♥❝✐❛s ② r❡❡♠♣❧❛③❛♥❞♦ u✱ ❧❛ r❡✲
♣r❡s❡♥t❛❝✐ó♥ ✈❡❝t♦r✐❛❧ q✉❡❞❛ ❝♦♠♦✿

[

ẋ
ż

]

=

[

A+BK1 BK2

−C 0

] [

x
z

]

+

[

0

İ

]

r

y =
[

C 0
]

[

x
z

]

❉❡ ♠❛♥❡r❛ q✉❡ ❧❛ ♠❛tr✐③ t❡♥❣❛ ✈❛❧♦r❡s ♣r♦♣✐♦s ❡♥ ✉♥❛ r❡❣✐ó♥ ❛❝❡♣t❛❜❧❡✳ ❉♦♥❞❡ A+BK1

❊s ❧❛ ♠❛tr✐③ ❞❡ ❡st❛❞♦ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ ② BK2 s❡ ❞❡♥♦♠✐♥❛ ♣r❡ ❝♦♠♣❡♥s❛❞♦r ✉s❛❞♦ ♣❛r❛
❞❛r ❛t❡♥❝✐ó♥ ❛ ❧❛s ❡s♣❡❝✐✜❝❛❝✐♦♥❡s ❡stát✐❝❛s ❞❡❧ s✐st❡♠❛✱ ❡s ❞❡❝✐r ❧❛ r❡s♣✉❡st❛ ❡♥ ❡st❛❞♦
❡st❛❝✐♦♥❛r✐♦✱ ❡st♦ s❡ ❞❡❜❡ ❛ q✉❡ ❡♥ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❡st❛❞♦ s❡ t✐❡♥❡ ❡❧
✐♥❝♦♥✈❡♥✐❡♥t❡ ❞❡ ♥♦ t❡♥❡r ❡♥ ❝✉❡♥t❛ ❧❛ s❡❝❝✐ó♥ ❡stát✐❝❛ ❞❡❧ s✐st❡♠❛ tr❛❜❛❥❛❞♦✳

▲♦ ❛♥t❡r✐♦r ❡s ♣♦s✐❜❧❡ s✐❡♠♣r❡ ② ❝✉❛♥❞♦ ❡❧ P❛r (A,B) s❡❛ ❝♦♥tr♦❧❛❜❧❡✱ ❝♦♥❞✐❝✐ó♥ ✐♥✲
❞✐s♣❡♥s❛❜❧❡ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ❝♦♥tr♦❧❛❞♦r✳

Rank

[

B A
0 −C

]

= n+ P

❉♦♥❞❡
Rank(A) = n

✽✻



✹✳✽✳✷✳ ❈♦♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦✳

❙❡ ❛♥❛❧✐③ó ❡❧ ❡sq✉❡♠❛ ❞❡ ❧❛ ❋✐❣✉r❛ ✺✺ ② s❡ ♦❜t✉✈♦ ❧♦ s✐❣✉✐❡♥t❡✳

❉♦♥❞❡✿

x̃ = Ax̂+Bu+ Ley

❉♦♥❞❡ Ley r❡♣r❡s❡♥t❛ ❧❛ ♠❛tr✐③ ❞❡ ❛❝♦♣❧❡ ❞❡❧ ❝♦♥tr♦❧❛❞♦r ✈✐rt✉❛❧ ② r❡❛❧ ❞❡❧ s✐st❡♠❛✳

Ley = y − ŷ = Cx− Cx̂

x̃ = Ax̂− LCx̂+ LCx+Bu

❋❛❝t♦r✐③❛♥❞♦
x̃ = LCx+ (A− LC)x̂+Bu ✭✹✳✺✷✮

▲♦ ❛♥t❡r✐♦r ❞❡♠✉❡str❛ ❧❛ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡❧ s✐st❡♠❛✳

ẋ = Ax+Bu ✭✹✳✺✸✮

y = Cx

P♦r ❡❧ ❞✐❛❣r❛♠❛ s❡ ♦❜t✐❡♥❡
ż = r − y ✭✹✳✺✹✮

ż = r − Cx ✭✹✳✺✺✮

❋✐❣✉r❛ ✺✺✿ ❊str✉❝t✉r❛ ❞❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱ ❝♦♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦✳

✽✼



✼✽

❙❡ r❡❛❧✐③❛ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❛♥t❡r✐♦r t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✺✷✮✱ ✭✹✳✺✸✮
② ✭✹✳✺✺✮ ♣❛r❛ q✉❡ ❧❛s s❛❧✐❞❛s ✈✐rt✉❛❧❡s ❞❡❧ s✐st❡♠❛ ② ❧❛s r❡❛❧❡s s❡❛♥ ❡①❛❝t❛♠❡♥t❡ ✐❣✉❛❧❡s✱
❧♦ q✉❡ ❣❛r❛♥t✐③❛ ❡❧ ❝♦rr❡❝t♦ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ❛❧ ❝♦♥tr♦❧❛r❧♦✳





ẋ
x̃
ż



 =





A 0 0
LC A− LC 0
−C 0 0









x
x̂
z



+





B
B
0



 u+





0
0

İ



 r

❉❡ ❧❛ ❋✐❣✉r❛ ✺✺ s❡ ♦❜t✐❡♥❡ u✳
u = K1x̂+K2z ✭✹✳✺✻✮

❘❡❡♠♣❧❛③❛♥❞♦ u ❡♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✺✷✮ ② ✭✹✳✺✸✮ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ✈❡❝t♦r✐❛❧ q✉❡❞❛
❝♦♠♦✿

ẋ = Ax+BK1x̂+BK2z ✭✹✳✺✼✮

x̃ = LCx+ (A− LC +BK1)x̂+BK2z ✭✹✳✺✽✮

ż = −Cx+ r




ẋ
x̃
ż



 =





A BK1 BK2

LC A− LC +BK1 BK2

−C 0 0









x
x̂
z



+





0
0

İ



 r

❖❜s❡r✈❛❞♦r
ex = x− x̂

❉♦♥❞❡ x ❡s ❞❡ ♣❧❛♥t❛ r❡❛❧ ② x̂ ❡s ❡❧ ❡st✐♠❛❞♦r✳

ėx = ẋ− x̃

ėx ❡s ❧❛ ❡❝✉❛❝✐ó♥ q✉❡ r❡♣r❡s❡♥t❛ ❡❧ ❡rr♦r ❡♥tr❡ ❡❧ ❝♦♥tr♦❧❛❞♦r ② ❡❧ ♦❜s❡r✈❛❞♦r✳ ❙❡ r❡❡♠✲
♣❧❛③♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✺✼✮ ② ✭✹✳✺✽✮ ♣❛r❛ ♦❜t❡♥❡r

ėx = Ax+BK1x̂+BK2z − LCx− Ax̂− LCx̂− BK1x̂− BK2z

❋❛❝t♦r✐③❛♥❞♦
ėx = (A− LC)(x− x̂) = (A− LC)ex

P❛r❛ ❤❛❧❧❛r ❧❛ ♠❛tr✐③ ❞❡ ❣❛♥❛♥❝✐❛ ❞❡❧ ♦❜s❡r✈❛❞♦r L s❡ ♣✉❡❞❡ ✉s❛r ✉♥ ❛❧❣♦r✐t♠♦ ❞❡
❛s✐❣♥❛❝✐ó♥ ❞❡ ♣♦❧♦s ✳ P❡r♦ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡

λ(A− LC) = λ(A− LC)T

λ(A− LC) = λ(AT − CTLT )

❉♦♥❞❡ λ(A) r❡♣r❡s❡♥t❛ ❧♦s ✈❛❧♦r❡s ♣r♦♣✐♦s ❞❡ ❧❛ ♠❛tr✐③ A✱ ❡♥t♦♥❝❡s✱ ❡s ♣♦s✐❜❧❡ ✉s❛r ❡❧
♠✐s♠♦ ❛❧❣♦r✐t♠♦✱ ✉s❛❞♦ ♣❛r❛ ❛s✐❣♥❛r ❧♦s ♣♦❧♦s ❞❡❧ ❝♦♥tr♦❧❛❞♦r✱ ♣❛r❛ ❛s✐❣♥❛r ❧♦s ♣♦❧♦s
❞❡❧ ♦❜s❡r✈❛❞♦r ❬✸✷❪✳

✼✽❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✽✽



✹✳✽✳✸✳ ❈♦♥tr♦❧❛❞♦r

❙❛❜✐❡♥❞♦ q✉❡
x̂ = x− ex

❙❡ r❡❡♠♣❧❛③❛ ❡♥
ẋ = Ax+BK1x̂+BK2z

ẋ = (A+BK1)x+BK2z − BK1ex

ż = −Cx+ r

ėx = (A− LC)ex

❊❧ s✐st❡♠❛ ❡♥ ❧❛③♦ ❝❡rr❛❞♦ s❡ r❡♣r❡s❡♥t❛r ✈❡❝t♦r✐❛❧♠❡♥t❡ ❝♦♠♦ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ P■ ❱❡❝✲
t♦r✐❛❧ ❛♥t❡r✐♦r✿





ẋ
ż
ėx



 =





A+BK1 BK2 −BK1

−C 0 0
0 0 A− LC









x
z
ex



+





0

İ
0



 r





ẋ
ż
ėx



 =





[

A+BK1 BK2

−C 0

]

−BK1

0
0 0 [A− LC]









x
z
ex



+





0

İ
0



 r





ẋ
ż
ėx



 =





[[

A 0
−C 0

]

+

[

B
0

]

[

K1 K2

]

]

−BK1

0
0 0 [A− LC]









x
z
ex



+





0

İ
0



 r

❘❡♣r❡s❡♥t❛❝✐ó♥ ❝♦♥ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦ ❞❡❧ ❝♦♥tr♦❧❛❞♦r ❝♦♥ ♦❜s❡r✈❛❞♦r✳
❙❛❜✐❡♥❞♦ q✉❡

ey = y − Cx̂

❘❡❡♠♣❧❛③❛♥❞♦ u ② ey ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✺✷✮✱ s❡ ♦❜t✉✈♦✳

x̃ = A+̂BK2z +BK1x̂+ Ly − LCx̂

x̃ = (A+BK1 − LC)x̂+BK2z + Ly ✭✹✳✺✾✮

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✺✹✮✱ ✭✹✳✺✻✮ ② ✭✹✳✺✾✮✳
[

x̃
ż

]

=

[

A+BK1 − LC BK2

0 0

] [

x̂
z

]

+

[

L 0
−1 1

] [

y
r

]

u =
[

K1 K2

]

[

x̂
z

]

+
[

0
]

[

y
r

]

(A+BK1) > 5(A− LC)

▲♦ q✉❡ r❡✜❡r❡ q✉❡ ❧♦s ♣♦❧♦s ❞❡❧ ♦❜s❡r✈❛❞♦r t✐❡♥❡♥ q✉❡ s❡r ❝♦♠♦ ♠í♥✐♠♦ ✺ ✈❡❝❡s ♠ás
rá♣✐❞♦s ♦ ♠ás ❝❡r❝❛♥♦s ❛❧ ♦r✐❣❡♥ q✉❡ ❧♦s ♣♦❧♦s ❞❡❧ ❝♦♥tr♦❧❛❞♦r✱ ♣♦rq✉❡ ❧♦s ♣♦❧♦s ❞❡❧

✽✾



♦❜s❡r✈❛❞♦r t✐❡♥❡♥ q✉❡ ❛❝t✉❛r ♣r✐♠❡r♦ ♣❛r❛ ♣♦❞❡r ❡✈❛❧✉❛r ❡❧ ❡rr♦r ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❝♦♥✲
tr♦❧❛❞♦r ② ❛sí r❡❞✉❝✐r ❡❧ ❡rr♦r ❡♥tr❡ ❧♦s ❞♦s✳

❆❤♦r❛ ❜✐❡♥✱ s❡ ♣r♦❝❡❞❡ ❛ r❡❛❧✐③❛r ❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧ ♣❡rt✐♥❡♥t❡ ♣❛r❛ ❡❧ ❤❡❧✐❝ó♣✲
t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✳ ❊st♦ s❡ r❡❛❧✐③ó ♦❜t❡♥✐❡♥❞♦ ❧❛s ♠❛tr✐❝❡s ❝❛r❛❝t❡ríst✐❝❛s ❞❡❧
s✐st❡♠❛ ✭❆ ❇ ❈ ❉✮ ♣♦r ♠❡❞✐♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡ ♠♦✈✐♠✐❡♥t♦ ❞❡ ▲❛❣r❛♥❣❡✱
❝♦♠♦ s❡ ♣r❡s❡♥tó ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❙❡❣ú♥ ❧❛s ❡❝✉❛❝✐♦♥❡s ✹✳✸✺✱ ✹✳✸✻✱ ✹✳✸✼✱ ✹✳✸✽✱
✹✳✸✾✱ ✹✳✹✵ ② ✹✳✹✶ ② ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ✈✐st❛s ❡♥ ❧❛s ♠❛tr✐❝❡s s♦♥ ❧♦s s✐❣✉✐❡♥t❡s✿

m1 = 1.6Kg

m2 = 1.4Kg

d1 = 0.2m

d2 = 0.2m

β1 = 800mm2/s

β2 = 800mm2/s

IT = 128.27 · 10−3Kg ·m2

▲❛ ♠❛tr✐③ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞ ❡s ❞❡✿

Q =

























1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
0 −3.2223 0 −0.0073
0 0 0 −4.9968
0 10.3832 0 0.0602
0 0 0 24.9682

























▲❛ ♠❛tr✐③ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❡s ❞❡✿

Co =









−0.0073 10.3832 0.0602
0.0602 −33.4578 −0.3770
−4.9968 0 24.9682
24.9682 0 −124.7619









❊❧ s✐st❡♠❛ ❡s ♦❜s❡r✈❛❜❧❡ ② ❝♦♥tr♦❧❛❜❧❡ ②❛ q✉❡ ❡❧ r❛♥❣♦ ❞❡ ❧❛ ♠❛tr✐③ Q ② Co ❡s ❞❡ ✹ ②
❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❧❛ ♠❛tr✐③ A ❡s ❞❡ ✹ ♣♦r ❧♦ q✉❡ ❧❛ r❡st❛ ❡♥tr❡ ❡st♦s ❞♦s ❞❛ ❝❡r♦✱ ♣♦r t❛❧
r❛③ó♥ s❡ ❞✐❝❡ q✉❡ ❡❧ s✐st❡♠❛ ❡s ❝♦♥tr♦❧❛❜❧❡ ② ♦❜s❡r✈❛❜❧❡✳

❆♣❧✐❝❛♥❞♦ ❧❛ t❡♦r✐❛ ❞❡ ❝♦♥tr♦❧ P■ ❱❡❝t♦r✐❛❧ ♣❛r❛ ❧❛ s❡❝❝✐ó♥ ❞❡ ❝♦♥tr♦❧✱ ❧❛s ♥✉❡✈❛s ♠❛tr✐❝❡s
✭❆ ❇ ❈ ❉✮ q✉❡❞❛♥✿

✾✵



AA =

















0 1 0 0 0 0
0 −3.2223 0 −0.0073 0 0
0 0 0 1 0 0
0 0 0 −4.9968 0 0
−1 0 0 0 0 0
0 0 −1 0 0 0

















BB =

















0 0
1 0
0 0
0 1
0 0
0 0

















❘❡❛❧✐③❛♥❞♦ ❧❛ ❛s✐❣♥❛❝✐ó♥ ❞❡ ♣♦❧♦s ❛❧ ❝♦♥tr♦❧❛❞♦r s❡ ❡s❝♦❣✐❡r♦♥ ❧♦s s✐❣✉✐❡♥t❡s✱ ❧♦s ❝✉❛❧❡s
❡stá♥ ❝❡r❝❛♥♦s ✉♥♦s ❞❡ ♦tr♦s ♣❛r❛ ♥♦ t❡♥❡r ♣♦❧♦s ❞♦♠✐♥❛♥t❡s ❡♥ ❡❧ ❝♦♥tr♦❧❛❞♦r ② ❛sí
♣❡r♠✐t✐r q✉❡ r❡❛❧✐❝❡ ✉♥❛ ♠❡❥♦r ❛❝❝✐ó♥ ❞❡ ❝♦♥tr♦❧✿

PolosPI =
[

−7.4250 −7.1500 −6.8750 −6.3250 −6.6000 −7.4250
]

▲❛ ♠❛tr✐③ ❞❡ ❝♦♥st❛♥t❡s ❑ ♣❛r❛ ❡❧ P■ ❱❡❝t♦r✐❛❧ q✉❡❞❛✿

KPI =

[

−142.5719 −17.4788 −2.6755 −0.1816 326.6782 9.4515
−2.7030 −0.1908 −148.2062 −16.1021 9.5483 346.5790

]

▲❛s ❝♦♥st❛♥t❡s ❑✶ ✫ ❑✷ s♦♥ ❧❛s s✐❣✉✐❡♥t❡s✿

K1 =

[

−142.5719 −17.4788 −2.6755 −0.1816
−2.7030 −0.1908 −148.2062 −16.1021

]

K2 =

[

326.6782 9.4515
9.5483 346.5790

]

▲❛ ❛s✐❣♥❛❝✐ó♥ ❞❡ ♣♦❧♦s ♣❛r❛ ❡❧ ♦❜s❡r✈❛❞♦r s♦♥ ❧♦s s✐❣✉✐❡♥t❡s ✭❞és❡ ❝✉❡♥t❛ q✉❡ s♦♥ ♣♦r
❧♦ ♠❡♥♦s ✺ ✈❡❝❡s ♠❛s r❛♣✐❞♦s q✉❡ ❧♦s ❞❡❧ ❝♦♥tr♦❧❛❞♦r✮✿

PolosL =
[

−1.55650 −1.61310 −1.52820 −1.58480
]

❉♦♥❞❡ ❧❛ ♠❛tr✐③ ❞❡❧ ♦❜s❡r✈❛❞♦r q✉❡❞❛✿

✾✶



L =









−0.0568 −0.0153
2.6875 0.0506
−0.0268 −1.8797
0.0920 11.8210









❆❤♦r❛ ❜✐❡♥✱ ❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧ ❝♦♥ ❡❧ ♦❜s❡r✈❛❞♦r s❡ ♠✉❡str❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✱
❜❛sá♥❞♦s❡ ❡♥ ❧❛ t❡♦rí❛ ♠♦str❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡✳ ▲❛s ♥✉❡✈❛s ♠❛tr✐❝❡s ✭❆ ❇ ❈ ❉✮ ✲ ✭❆❝
❇❝ ❈❝ ❉❝✮ ❙♦♥✿

AC =

















0.0568 1 0.0153 0 0 0
−145.2594 −20.7011 −2.7261 −0.1889 326.6782 9.4515
0.0268 0 1.8797 1 0 0
−2.7949 −0.1908 −160.0273 −21.0989 9.5483 346.5790

0 0 0 0 0 0
0 0 0 0 0 0

















BC =

















−0.0568 −0.0153 0 0
2.6875 0.0506 0 0
−0.0268 −1.8797 0 0
0.0920 11.8210 0 0
−1 0 1 0
0 −1 0 1

















CC =

[

−142.5719 −17.4788 −2.6755 −0.1816 326.6782 9.4515
−2.7030 −0.1908 −148.2062 −16.1021 9.5483 34605790

]

DC =

[

0 0 0 0
0 0 0 0

]

❊❧ ❛♥á❧✐s✐s ❤❡❝❤♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣r♦♣♦r❝✐♦♥❛ ✉♥♦s r❡s✉❧t❛❞♦s✱ ❧♦s ❝✉❛❧❡s s❡ ❡✈❛❧✉❛r♦♥
✐♥✐❝✐❛❧♠❡♥t❡ ❞❡ ❢♦r♠❛ ✈✐rt✉❛❧ ✉s❛♥❞♦ á❧❣❡❜r❛ ❞❡ ❜❧♦q✉❡s ❝♦♥ ❧❛ ❤❡rr❛♠✐❡♥t❛ ❝♦♠♣✉✲
t❛❝✐♦♥❛❧ ❙✐♠✉❧✐♥❦ ❞❡ ▼❛t❧❛❜✱ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s✳

❊♥ ❧❛ ❋✐❣✉r❛ ✺✻ s❡ ✐❧✉str❛ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦q✉❡s ❞❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧ ❝✉❛♥❞♦
❡❧ á♥❣✉❧♦ P✐t❝❤ s✐❣✉❡ ✉♥❛ r❡❢❡r❡♥❝✐❛ ❞❡ ♣❛s♦ ✉♥✐t❛r✐♦ ② ❡❧ á♥❣✉❧♦ ❨❛✇ ✉♥❛ r❡❢❡r❡♥❝✐❛
❞❡ ❝❡r♦✳ ▲❛ ❋✐❣✉r❛ ✺✼ ♠✉❡str❛ ❧❛s ❣rá✜❝❛s ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧♦s á♥❣✉❧♦s P✐t❝❤ ②
❨❛✇ ❛❧ s❡❣✉✐r ❧❛s r❡❢❡r❡♥❝✐❛s✱ ❡❧ ♣r✐♠❡r♦ r❡❛❧✐③❛ ❡❧ ❝♦♥tr♦❧ ❛❞❡❝✉❛❞❛♠❡♥t❡✱ ♠✐❡♥tr❛s q✉❡
❡♥ ❡❧ s❡❣✉♥❞♦ s❡ ♦❜s❡r✈❛ ✉♥❛ ❧❡✈❡ ♣❡rt✉r❜❛❝✐ó♥ ❧❛ ❝✉❛❧ ❡s ❝♦rr❡❣✐❞❛ rá♣✐❞❛♠❡♥t❡ ♣♦r ❡❧
❝♦♥tr♦❧❛❞♦r✳

✾✷



❋✐❣✉r❛ ✺✻✿ ❊str✉❝t✉r❛ ❞❡ ❜❧♦q✉❡s r❡❢❡r❡♥❝✐❛ P✐t❝❤✳✼✾

❋✐❣✉r❛ ✺✼✿ ❘❡s♣✉❡st❛ ❛❧ ❈♦♥tr♦❧❛❞♦r P■❱ r❡❢❡r❡♥❝✐❛ P✐t❝❤✳✽✵

❙❡ r❡❛❧✐③❛ ❡❧ ♠✐s♠♦ ♣r♦❝❡❞✐♠✐❡♥t♦ q✉❡ ❡❧ ❛♥t❡r✐♦r ♣❡r♦ ❡♥ ❡st❡ ❝❛s♦ ❧❛ ❋✐❣✉r❛ ✺✽ ❡❧
❞✐❛❣r❛♠❛ ❞❡ ❜❧♦q✉❡s ❞❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧ ❝✉❛♥❞♦ ❡❧ á♥❣✉❧♦ P✐t❝❤ s✐❣✉❡ ✉♥❛ r❡✲
❢❡r❡♥❝✐❛ ❞❡ ❝❡r♦ ② ❡❧ á♥❣✉❧♦ ❨❛✇ ✉♥❛ r❡❢❡r❡♥❝✐❛ ❞❡ ♣❛s♦ ✉♥✐t❛r✐♦✳ ▲❛ ❋✐❣✉r❛ ✺✾ ♠✉❡str❛
✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝♦♥tr❛r✐♦ ❛❧ ❛♥t❡r✐♦r ♣❡r♦ ❝♦♥ ❧❛ ♠✐s♠❛ t❡♥❞❡♥❝✐❛✳

✼✾❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✽✵❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✾✸



❋✐❣✉r❛ ✺✽✿ ❊str✉❝t✉r❛ ❞❡ ❜❧♦q✉❡s r❡❢❡r❡♥❝✐❛ ❨❛✇✳✽✶

❋✐❣✉r❛ ✺✾✿ ❘❡s♣✉❡st❛ ❛❧ ❈♦♥tr♦❧❛❞♦r P■❱ r❡❢❡r❡♥❝✐❛ ❨❛✇✳✽✷

P❛r❛ ❡st❡ ❝❛s♦ ❧❛ ❋✐❣✉r❛ ✻✵ ✐❧✉str❛ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦q✉❡s ❞❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝✲
t♦r✐❛❧ ❝✉❛♥❞♦ ❡❧ á♥❣✉❧♦ P✐t❝❤ ② ❨❛✇ s✐❣✉❡ ✉♥❛ r❡❢❡r❡♥❝✐❛ ❞❡ ♣❛s♦ ✉♥✐t❛r✐♦✳ ▲❛ ❋✐❣✉r❛
✻✶ ♠✉❡str❛ ❧❛s ❣rá✜❝❛s ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧♦s á♥❣✉❧♦s P✐t❝❤ ② ❨❛✇ ❛❧ s❡❣✉✐r ❞✐❝❤❛s
r❡❢❡r❡♥❝✐❛s✱ s❡ ♥♦t❛ ❡❧ ❜✉❡♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❛♠❜♦s á♥❣✉❧♦s ❛ ❧❛ ❤♦r❛ ❞❡ s❡❣✉✐r t❛❧
r❡❢❡r❡♥❝✐❛✳ ❊st❡ ❝❛s♦ ❡s ❡❧ q✉❡ ♠ás s❡ ❛♣r♦①✐♠❛ ❛❧ r❡❛❧✱ ❞♦♥❞❡ ❛♠❜♦s á♥❣✉❧♦s t♦♠❛s ❞✐✲
❢❡r❡♥t❡s ✈❛❧♦r❡s✳ ❉✐❝❤♦ ❡st♦✱ ❡❧ ❝♦♥tr♦❧ P■ ❱❡❝t♦r✐❛❧ ❛❤♦r❛ s❡ ❡✈❛❧✉❛rá ❝♦♥ s✐st❡♠❛ r❡❛❧✱
❡❧ ❝✉❛❧ ❢✉❡ ❝♦♥str✉✐❞♦ ♣r❡✈✐❛♠❡♥t❡ ♣♦r ❧♦s ❛✉t♦r❡s ❞❡ ❡st❡ tr❛❜❛❥♦✳

✽✶❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✽✷❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✾✹



❋✐❣✉r❛ ✻✵✿ ❊str✉❝t✉r❛ ❞❡ ❜❧♦q✉❡s r❡❢❡r❡♥❝✐❛ P✐t❝❤ ② ❨❛✇✳✽✸

❋✐❣✉r❛ ✻✶✿ ❘❡s♣✉❡st❛ ❛❧ ❈♦♥tr♦❧❛❞♦r P■❱ r❡❢❡r❡♥❝✐❛ P✐t❝❤ ② ❨❛✇✳ ✽✹

❆♣❧✐❝❛♥❞♦ ❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧ ❛❧ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✱ ❡s❝♦❣✐❡♥✲
❞♦ ❧♦s ♠❡❥♦r❡s ♣♦❧♦s ♣♦s✐❜❧❡s ❡♥ ❛♠❜♦s ❝❛s♦s ✭❈♦♥tr♦❧❛❞♦r ✫ ❖❜s❡r✈❛❞♦r✮✱ s❡ ♠✉❡str❛
❧❛ ❡str✉❝t✉r❛ ❞❡❧ ❝♦♥tr♦❧❛❞♦r ❞❡ ❧❛③♦ ❝❡rr❛❞♦ ② ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ ♠✐s♠♦ ❡♥ ❧♦s
á♥❣✉❧♦s P✐t❝❤ ② ❨❛✇✳

✽✸❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✽✹❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✾✺



❋✐❣✉r❛ ✻✷✿ ❈♦♥tr♦❧ P■ ❱❡❝t♦r✐❛❧ ❡♥ ❙✐♠✉❧✐♥❦✳ ✽✺

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ♠✉❡str❛ ❧❛ r❡s♣✉❡st❛ ❞❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧ ❛❧ á♥❣✉❧♦ P✐t❝❤
s✐❣✉✐❡♥❞♦ ✉♥❛ r❡❢❡r❡♥❝✐❛ ② s✉ r❡s♣❡❝t✐✈❛ ♣❡rt✉r❜❛❝✐ó♥✳

❋✐❣✉r❛ ✻✸✿ ❘❡s♣✉❡st❛ ❞❡❧ ❛♥❣✉❧♦ P✐t❝❤ ❛❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ ✉♥❛ r❡❢❡r❡♥❝✐❛✳✽✻

❆❧ ✐❣✉❛❧ q✉❡ ❡♥ ❧❛ ✜❣✉r❛ ❛♥t❡r✐♦r✱ ♣♦st❡r✐♦r♠❡♥t❡ s❡ ♠✉❡str❛ ❧❛ r❡s♣✉❡st❛ ❞❡❧ ❝♦♥tr♦❧❛❞♦r
P■ ✈❡❝t♦r✐❛❧ ❛❧ á♥❣✉❧♦ ❨❛✇ s✐❣✉✐❡♥❞♦ ✉♥❛ r❡❢❡r❡♥❝✐❛ ② s✉ r❡s♣❡❝t✐✈❛ ♣❡rt✉r❜❛❝✐ó♥✳

✽✺❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✽✻❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✾✻



❋✐❣✉r❛ ✻✹✿ ❘❡s♣✉❡st❛ ❞❡❧ ❛♥❣✉❧♦ ❨❛✇ ❛❧ s❡❣✉✐♠✐❡♥t♦ ❞❡ ✉♥❛ r❡❢❡r❡♥❝✐❛✳ ✽✼

▲♦s r❡s✉❧t❛❞♦s ❞❡❧ P■ ❱❡❝t♦r✐❛❧ ❝♦♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦ s♦♥ ♠✉② ❜✉❡♥♦s ❝♦♥ r❡s♣❡❝t♦
❛ ❞♦s ♦tr♦s ❞♦s ❝♦♠♣❛r❛❞♦s✱ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ❡❧ ❡①❝❡❧❡♥t❡ s❡❣✉✐♠✐❡♥t♦ ❞❡❧ ❤❡❧✐❝ó♣t❡r♦
❛ s✉s r❡s♣❡❝t✐✈❛s r❡❢❡r❡♥❝✐❛s✱ ♠♦str❛♥❞♦ t✐❡♠♣♦s rá♣✐❞♦s ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥✱ r❛❞✐❝❛❝✐ó♥
❞❡❧ ❡rr♦r ❞❡ ❡st❛❞♦ ❡st❛❝✐♦♥❛r✐♦ ② ❡❧ ❜❛❥♦ s♦❜r❡ ♣✐❝♦ ❡♥ ❧♦s ♣r✐♠❡r♦s s❡❣✉♥❞♦s ❞❡❧ á♥❣✉❧♦
P✐t❝❤✳ ❉❡ ✐❣✉❛❧ ❢♦r♠❛ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r q✉❡ ❝♦♠♣❛r❛♥❞♦ ❧❛ r❡s♣✉❡st❛ ✈✐rt✉❛❧ ❞❡❧ ❝♦♥✲
tr♦❧❛❞♦r ❡s ♠✉② ♣❛r❡❝✐❞♦ ❛❧ ❢ís✐❝♦ ♣❛r❛ P✐t❝❤✱ ♣❡r♦ s❡ ♥♦t❛ q✉❡ ❡♥ ❨❛✇ ❡①✐st❡ ✉♥ s♦❜r❡
♣✐❝♦ ❞❡ ✺ s❡❣✉♥❞♦s ❛♥t❡s ❞❡ ❡st❛❜✐❧✐③❛rs❡ ② ❧❧❡❣❛r ❛ ❧❛ r❡❢❡r❡♥❝✐❛✱ ❡st♦ s❡ ❞❡❜❡ ❛❧ ❡❢❡❝t♦
❞❡ ❝♦r✐♦❧✐s q✉❡ ❣❡♥❡r❛ ❧❛ ❤é❧✐❝❡ ❞❡ P✐t❝❤✳ ▲❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ r❡❢❡r❡♥❝✐❛ ❛ t✐♣♦ s❡ñ❛❧ ♣❛s♦
❡♥ ❡❧ s❡❣✉♥❞♦ ✷✵ r❡♣r❡s❡♥t❛ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ q✉❡ s❡ ❧❡ ❛♣❧✐❝♦ ❛❧ ❤❡❧✐❝ó♣t❡r♦ ❉●▲✱ ❡st❛
♣❡r♠✐t❡ ✈✐s✉❛❧✐③❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ ♠✐s♠♦ ❛ ❧❛ ❛❝❝✐ó♥ ❞❡ ❝♦♥tr♦❧ ✉s❛❞❛✱ ♦❜s❡r✈❡
q✉❡ ❞❡s♣✉és ❞❡ ❧❛ ♣❡rt✉r❜❛❝✐ó♥ ❡❧ ❝♦♥tr♦❧❛❞♦r ✈✉❡❧✈❡ ❛ ❜✉s❝❛r ❧❛ r❡❢❡r❡♥❝✐❛ ❞❡ ✵✳✸✱ ❡st❛
r❡❢❡r❡♥❝✐❛ s❡ s❡❧❡❝❝✐♦♥ó ♣♦r q✉❡ s❡ r❡❛❧✐③ó ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❞✉tt② ❞❡ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡
❧♦s ♠♦t♦r❡s❀ ❊st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡s ❡❧ ♠✐s♠♦ ♣❛r❛ ❧♦s ♦tr♦s ❞♦s ❝♦♥tr♦❧❛❞♦r❡s ❛♥t❡s
❡✈❛❧✉❛❞♦s ✭❙■❙❖ ❨ ▼■▼❖✮ q✉❡ s❡ ✈✐s✉❛❧✐③❛♥ ❡♥ ❧❛s ❣r❛✜❝❛s ✹✹✱ ✹✺✱ ✺✷✱ ✺✸✳

✽✼❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✾✼



✺✳ ❘❊❙❯▲❚❆❉❖❙ ❨ ❆◆➪▲■❙■❙

❋✐♥❛❧✐③❛♥❞♦ ❡st❡ tr❛❜❛❥♦✱ s❡ ✈✐s✉❛❧✐③❛♥ ❧♦s r❡s✉❧t❛❞♦s q✉❡ ♠♦str❛r♦♥ ❧♦s ✸ ❝♦♥tr♦❧❛❞♦r❡s
❡✈❛❧✉❛❞♦s ❡♥ ❡❧ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ② ❛ s✉ ✈❡③ s❡ r❡❛❧✐③ó ❧❛ ❝♦♠♣❛r❛t✐✈❛
❞❡ ❧♦s ♠✐s♠♦s✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ♠✉❡str❛♥ ❞♦s ❝✉❛❞r♦s ❞❡ r❡s✉❧t❛❞♦s✱ ❡❧ ♣r✐♠❡r♦ s♦♥ ❧♦s
❞❛t♦s ❡①tr❛í❞♦s ❞❡ ❧❛s ❣rá✜❝❛s ❞❡ r❡s✉❧t❛❞♦s ❞❡ ❧♦s tr❡s ❝♦♥tr♦❧❛❞♦r❡s ❝✉❛♥❞♦ ❡❧ s✐st❡♠❛
s❡ ✐♥✐❝✐❛❧✐③❛✱ ❜✉s❝❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ ② ❡❧ s❡❣✉✐♠✐❡♥t♦ ❛ ❧❛ r❡❢❡r❡♥❝✐❛✱ ❡❧ s❡❣✉♥❞♦ s♦♥ ❧♦s
r❡s✉❧t❛❞♦s ❞❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ ♠✐s♠♦ ❛ ❧❛ ♣❡rt✉r❜❛❝✐ó♥✳

✶✳ ❉♦s ❈♦♥tr♦❧❛❞♦r❡s P■❉ ✐♥❞❡♣❡♥❞✐❡♥t❡s ✭❙■❙❖✮✳

✷✳ ❈♦♥tr♦❧❛❞♦r P■❉ ▼■▼❖ ❝r✉③❛❞♦ ♣♦r ❞❡s❛❝♦♣❧❡✳

✸✳ ❈♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧ ❝♦♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦✳

❈♦♥tr♦❧❛❞♦r ●r❛❞♦ ❞❡ ❚✐❡♠♣♦ ❙♦❜r❡ ♣✐❝♦ ❊st❛❜✐❧✐③❛❝✐ó♥

❧✐❜❡rt❛❞ ▲❡✈❛♥t❛♠✐❡♥t♦ ✭s✮ ✭✪✮ ✭s✮

✶ P✐t❝❤ ✻✳✺ ✶✷✳✺ ✶✵✳✺
❨❛✇ ✶✳✶✶ ✻✻✳✻✻ ✶✸✳✺

✷ P✐t❝❤ ✽ ✻✳✷✺ ✾
❨❛✇ ✶✳✷✻ ✽✻✳✸✻ ✶✼

✸ P✐t❝❤ ✸✳✼ ✽✳✺ ✻✳✺
❨❛✇ ✵✳✺ ✻✶✳✺✸ ✽

❈✉❛❞r♦ ✶✼✿ ❘❡s✉❧t❛❞♦s ❡♥tr❡ ❝♦♥tr♦❧❛❞♦r❡s✳✽✽

❈♦♥tr♦❧ ●r❛❞♦ ❞❡ ❙♦❜r❡ ♣✐❝♦ ❊st❛❜✐❧✐③❛❝✐ó♥

❧✐❜❡rt❛❞ ✭✪✮ ✭s✮

✶ P✐t❝❤ ✻✻✳✻✻ ✼
❨❛✇ ✷✷✻✳✻✻ ✾

✷ ♣✐t❝❤ ✸✸ ✺
❨❛✇ ✸✵✵ ✶✽

✸ ♣✐t❝❤ ✹✹ ✻
❨❛✇ ✷✻✻✳✻✻ ✽

❈✉❛❞r♦ ✶✽✿ ❘❡s✉❧t❛❞♦s ❛ ❧❛ P❡rt✉r❜❛❝✐ó♥✳✽✾

❊♥ ❡❧ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛✱ ❧❛ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡❧ ❝♦♥tr♦❧ P■ ❱❡❝t♦r✐❛❧ ❝♦♥
♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦ ❢✉❡ ❡❧ ♠❡❥♦r ❝♦♥tr♦❧❛❞♦r ♣❛r❛ ❡❧ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❧✐❜❡r✲
t❛❞✱ ❡♥ ❣❡♥❡r❛❧ ♠♦str❛♥❞♦ r❡s✉❧t❛❞♦s ❞❡ ✏✻✱✺ s❡❣✉♥❞♦s ❡♥ t✐❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥ ②

✽✽❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✽✾❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✾✽



✽✱✺✪ ❞❡ s♦❜r❡ ♣✐❝♦ ♣❛r❛ ❡❧ á♥❣✉❧♦ P✐t❝❤✱ ♣❛r❛ ❡❧ á♥❣✉❧♦ ❨❛✇ ✽ s❡❣✉♥❞♦s ❡♥ t✐❡♠♣♦ ❞❡
❡st❛❜✐❧✐③❛❝✐ó♥ ② ✻✶✳✺✸✪ ❞❡ s♦❜r❡ ♣✐❝♦✑✱ ❡s ♠ás ❡✜❝❛③ q✉❡ ❧♦s ♦tr♦s ❞♦s ❝♦♥tr♦❧❛❞♦r❡s✱
t✐❡♥❡ ✉♥ t✐❡♠♣♦ ❞❡ ❧❡✈❛♥t❛♠✐❡♥t♦ ♠ás ✈❡❧♦③✱ t✐❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥ ② ♣♦r❝❡♥t❛❥❡s
❞❡ s♦❜r❡ ♣❛s♦ ♠ás ♣❡q✉❡ñ♦s✱ ❡♥ ❛♠❜♦s á♥❣✉❧♦s ✏P✐t❝❤ ② ❨❛✇✑✳ ❊❧ ❝♦♥tr♦❧ P■❉ ❙■❙❖
✐♥❞❡♣❡♥❞✐❡♥t❡ ♦❜t✉✈♦ ❡❧ s❡❣✉♥❞♦ ♣✉❡st♦ ❝♦♠♦ ♠❡❥♦r ❝♦♥tr♦❧❛❞♦r✱ ❝♦♥ ✏✶✵✱✺ s❡❣✉♥❞♦s ❡♥
t✐❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥ ② ✉♥ ✶✷✱✺✪ ❞❡ s♦❜r❡ ♣✐❝♦ ♣❛r❛ P✐t❝❤✱ ❛❞❡♠ás ✶✸✱✺ s❡❣✉♥❞♦s ❡♥
❡❧ t✐❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥ ② ✻✻✳✻✻✪ ❞❡ s♦❜r❡ ♣✐❝♦✑ ♣❛r❛ ❡❧ á♥❣✉❧♦ ❞❡ ❨❛✇✳ P♦r ú❧t✐♠♦
❡❧ ❝♦♥tr♦❧ ▼■▼❖ ❝r✉③❛❞♦ ♣♦r ❞❡s❛❝♦♣❧❡ P■❉ t♦♠♦ ❡❧ ú❧t✐♠♦ ❧✉❣❛r ❝♦♥ ✏✾ s❡❣✉♥❞♦s ❞❡
t✐❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥ ② ✉♥ ✻✱✷✺✪ ❞❡ r❡❜❛s❛♠✐❡♥t♦ ✑s♦❜r❡ ♣✐❝♦✑ ❡♥ P✐t❝❤✱ t❛♠❜✐é♥
s❡ ♦❜t✉✈♦ ✶✼ s❡❣✉♥❞♦s ❡♥ ❡❧ t✐❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥ ❝♦♥ ✽✻✳✸✻✪ ❞❡ s♦❜r❡ ♣✐❝♦ ❡♥ ❡❧
á♥❣✉❧♦ ❨❛✇✑✳

✭❛✮ ❚✐❡♠♣♦s ❞❡ ❧❡✈❛♥t❛♠✐❡♥t♦ ✭❜✮ ❚✐❡♠♣♦s ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥

❋✐❣✉r❛ ✻✺✿ ❘❡s♣✉❡st❛ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s á♥❣✉❧♦ P✐t❝❤✳✾✵

✭❛✮ ❚✐❡♠♣♦s ❞❡ ❧❡✈❛♥t❛♠✐❡♥t♦ ✭❜✮ ❚✐❡♠♣♦s ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥

❋✐❣✉r❛ ✻✻✿ ❘❡s♣✉❡st❛ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s á♥❣✉❧♦ ❨❛✇✳✾✶

✾✵❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s
✾✶❋✉❡♥t❡✿ ❉✐s❡ñ❛❞♦ ② ❡❞✐t❛❞♦ ♣♦r ❧♦s ❛✉t♦r❡s

✾✾



▲❛s ✜❣✉r❛s ✻✺ ② ✻✻ ♠✉❡str❛♥ ❣rá✜❝❛♠❡♥t❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧♦s tr❡s ❝♦♥tr♦❧❛✲
❞♦r❡s ❡♥ t✐❡♠♣♦ ❞❡ ❧❡✈❛♥t❛♠✐❡♥t♦ ② ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥ ♣❛r❛ ❧♦s á♥❣✉❧♦s P✐t❝❤ ② ❨❛✇✱ s❡
✈❡ ❝❧❛r❛♠❡♥t❡ q✉❡ ❡❧ ❝♦♥tr♦❧❛❞♦r ❝♦♥ ♠❡❥♦r r❡s✉❧t❛❞♦ ❡s ❡❧ P■ ✈❡❝t♦r✐❛❧ ❝♦♥ ♦❜s❡r✈❛❞♦r
❞❡ ❡st❛❞♦✱ ❡❧ ❝✉❡❛❧ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❛③✉❧✳

❈✉❛♥❞♦ s❡ tr❛t❛ ❞❡ ❧❛ ♣❡rt✉r❜❛❝✐ó♥✱ ❡❧ ❝♦♥tr♦❧❛❞♦r ♠ás rá♣✐❞♦ ❢✉❡ ❡❧ ❝♦♥tr♦❧ ▼■▼❖
❝r✉③❛❞♦ ♣♦r ❞❡s❛❝♦♣❧❡ P■❉✱ ♣❡r♦ s❡ t✉✈♦ ❡♥ ❝✉❡♥t❛ q✉❡ ❡❧ ♠❡❥♦r r❡s✉❧t❛❞♦ ❢✉❡ s♦❧♦ ♣❛r❛
❡❧ á♥❣✉❧♦ ❞❡ P✐t❝❤✱ ❡♥ ❡❧ á♥❣✉❧♦ ❨❛✇ ❞❡♠♦stró ❡❧ ♣❡♦r ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧♦s tr❡s ❝♦♥✲
tr♦❧❛❞♦r❡s ❡✈❛❧✉❛❞♦s✳ ❊❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧ ❝♦♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦ ❢✉❡ ❡❧ q✉❡
♠❡❥♦r s❡ ❛❞❛♣tó ❛❧ s✐st❡♠❛ ❝♦♥tr♦❧❛♥❞♦ ❛♠❜♦s á♥❣✉❧♦s P✐t❝❤ ② ❨❛✇✱ ❞❡♠♦str❛♥❞♦ r❡✲
s✉❧t❛❞♦s ❞❡ ✏✻ s❡❣✉♥❞♦s ❞❡ t✐❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥ ② ✹✹✪ ❡♥ s♦❜r❡ ♣✐❝♦ ♣❛r❛ ❡❧ á♥❣✉❧♦
P✐t❝❤✱ ❡♥ ❡❧ á♥❣✉❧♦ ❨❛✇ ✽ s❡❣✉♥❞♦s ❝♦♥ ✷✻✻✳✻✻✪ ❞❡ s♦❜r❡ ♣✐❝✑ ✱ ❡♥ ❝♦♠♣❛r❛❝✐ó♥ ❛ ❧♦s
✏✺ s❡❣✉♥❞♦s ❡♥ t✐❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥ ② ✸✸✪ ❞❡ r❡❜❛s❛♠✐❡♥t♦ ❡♥ P✐t❝❤✱ ❡♥ ❨❛✇ ❞❡ ✶✽
s❡❣✉♥❞♦s ❡♥ t✐❡♠♣♦ ❞❡ ❡st❛❜✐❧✐③❛❝✐ó♥ ❝♦♥ ✸✵✵✪✑ ❞❡ r❡❜❛s❛♠✐❡♥t ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ▼■▼❖✳
❊st♦s r❡s✉❧t❛❞♦s s♦♥ ❡①❝❡❧❡♥t❡s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ P■ ✈❡❝t♦r✐❛❧ ❝♦♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦✱
❞❛♥❞♦ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧❛ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥ ❞❡ ❡st❛❞♦ ❝♦♥ ✉♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦✱ ❡s
✉♥ ❝♦♥tr♦❧❛❞♦r q✉❡ t♦♠❛ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s ❞❡❧ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞
② s❡ ❧❡s r❡❧❛❝✐♦♥❛ ❡♥t❡r❛♠❡♥t❡✱ ❞❛♥❞♦ ❧❛ ❝❡rt❡③❛ ❞❡ q✉❡ ❛❧❧í ❡stá ❛❝t✉❛♥❞♦ ✉♥ ❝♦♥tr♦❧
q✉❡ ♠❛t❡♠❛t✐❝❛♠❡♥t❡ t✐❡♥❡ ❜✉❡♥ s✉st❡♥t♦ ② q✉❡ ❡s ❝❛♣❛③ ❞❡ ♠♦str❛r ❜✉❡♥♦s r❡s✉❧t❛❞♦s
♣❛r❛ s✐st❡♠❛s ♠✉❧t✐✈❛r✐❛❜❧❡s✱ ✐♥❡st❛❜❧❡s ② ♥♦ ❧✐♥❡❛❧❡s✱ ♠♦str❛♥❞♦ ❛❧ ♠✐s♠♦ t✐❡♠♣♦ ✉♥
❝♦♥tr♦❧ q✉❡ r❡❧❛❝✐♦♥❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ t♦❞♦ ❡❧ s✐st❡♠❛✳

❙❡ r❡s❛❧t❛ q✉❡ ❝✉❛♥❞♦ ❡❧ ❤❡❧✐❝ó♣t❡r♦ ❉●▲ ❡s ♣❡rt✉r❜❛❞♦✱ ❡st❡ ❛❧❝❛♥③❛ ✈❛❧♦r❡s ❞❡ s♦✲
❜r❡ ♣✐❝♦ ❡❧❡✈❛❞♦s ❡♥ ❡❧ á♥❣✉❧♦ ❨❛✇✱ ❡st♦ s❡ ❞❡❜❡ ❛ q✉❡ ❡❧ ❝♦♥tr♦❧ ❡♥ ❨❛✇ ❡s ✉♥ ♣♦❝♦ ♠ás
❧❡♥t♦ q✉❡ ❡s ❝♦♥tr♦❧ ❡♥ P✐t❝❤✱ ❞❡❜✐❞♦ ❛ q✉❡ ❡st❡ ❝✉❡♥t❛ ❝♦♥ ✉♥❛ ❤é❧✐❝❡ ❞❡ ♠❡♥♦r ár❡❛ ②
♣♦r q✉é ❡❧ á♥❣✉❧♦ P✐t❝❤ ❛❧ ❣❡♥❡r❛r ♠❛②♦r ♣r♦♣✉❧s✐ó♥ ❡st❡ ❣❡♥❡r❛ ✉♥❛ ♠❛②♦r ❢✉❡r③❛ ❞❡
❝♦r✐♦❧✐s ♦ tr❛♥s✈❡rs❛❧❀ ❡st❡ ✐♥❝♦♥✈❡♥✐❡♥t❡ ❞❡ ♣✉❡❞❡ r❡s♦❧✈❡r ❛♣❧✐❝❛♥❞♦ té❝♥✐❝❛s ❞❡ ❝♦♥✲
tr♦❧ ♠ás ❛✈❛♥③❛❞❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝♦♠♦ ❡s ❡❧ ❈♦♥tr♦❧ P■ ✈❡❝t♦r✐❛❧ ❝♦♥ ♦❜s❡r✈❛❞♦r ❞❡
❡st❛❞♦ ✉s❛♥❞♦ ▲✐♥❡❛r ◗✉❡❞r❛t✐❝ ❘❡❣✉❧❛t♦r✭✏▲◗❘✑✮ ♦ ❝♦♥tr♦❧ ♣♦r r❡❝❤❛③♦ ❛❝t✐✈♦ ❞❡ ♣❡r✲
t✉r❜❛❝✐♦♥❡s ❧♦s ❝✉❛❧❡s ♣♦❞rá♥ s❡r ❛♣❧✐❝❛❞♦r ❛❧ ❤❡❧✐❝ó♣t❡r♦ ❉●▲ ❡♥ ❡st✉❞✐♦s ♣♦st❡r✐♦r❡s✳

✶✵✵



✻✳ ❈❖◆❈▲❯❙■❖◆❊❙

❊♥ ❡st❡ tr❛❜❛❥♦ s❡ ♣r♦♣✉s♦ ② s❡ ✈❛❧✐❞ó ❧❛ ❝♦♥str✉❝❝✐ó♥✱ ❡❧ ♠♦❞❡❧❛♠✐❡♥t♦ ② ❡❧ ❝♦♥tr♦❧ ❞❡
✉♥ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞✱ s✐st❡♠❛ ♠✉❧t✐✈❛r✐❛❜❧❡✱ ✐♥❡st❛❜❧❡ ② ♥♦ ❧✐♥❡❛❧✳

❊❧ ❤❡❧✐❝ó♣t❡r♦ ❝♦♥str✉✐❞♦ ❞❡♠♦stró ❝♦♥✜❛❜✐❧✐❞❛❞✱ ♠♦str❛♥❞♦ ❜✉❡♥♦s r❡s✉❧t❛❞♦s ❞❡ ❢✉♥✲
❝✐♦♥❛♠✐❡♥t♦✱ ♣❡r♠✐t✐❡♥❞♦ ✈✐s✉❛❧✐③❛r ❧♦s ❡❢❡❝t♦s ♥❛t✉r❛❧❡s q✉❡ r✐❣❡♥ ❛❧ s✐st❡♠❛✳ P❛r❛ ❡st❡
tr❛❜❛❥♦ s❡ t✉✈✐❡r♦♥ q✉❡ ❤❛❝❡r ♣r✉❡❜❛s ❡①❤❛✉st✐✈❛s✱ ❧♦ q✉❡ ♣❡r♠✐t✐ó ❞❛r ✉♥ ❜✉❡♥ ❞✐❛❣✲
♥óst✐❝♦ ❞❡ ❢✉♥❝✐♦♥❛♠✐❡♥t♦✳

❊❧ ♠♦❞❡❧❛♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ✉s❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡ ❧❛❣r❛♥❣❡✱ ♣❡r♠✐✲
t✐ó r❡❛❧✐③❛r s❛t✐s❢❛❝t♦r✐❛♠❡♥t❡ ✉♥ ❛♥á❧✐s✐s ❝♦♠♣❧❡t♦ ❞❡ t♦❞♦ ❡❧ s✐st❡♠❛✱ ❞♦♥❞❡ t♦❞❛s ❧❛s
✈❛r✐❛❜❧❡s ❢ís✐❝❛s s❡ r❡❧❛❝✐♦♥❛r♦♥ ♣❛r❛ t❡♥❡r ✉♥ ♠❛②♦r ❛❝❡r❝❛♠✐❡♥t♦ ❛ ❧❛ ♣❧❛♥t❛ r❡❛❧ ② ♦❜✲
t❡♥❡r ♠❡❥♦r❡s r❡s✉❧t❛❞♦s ❛ ❧❛ ❤♦r❛ ❞❡ s❡r ❝♦♥tr♦❧❛❞♦✱ ❞❡♠♦str❛♥❞♦ s❡r ✉♥ ♠♦❞❡❧❛♠✐❡♥t♦
✐❞❡❛❧ ♣❛r❛ ❛♣❧✐❝❛r té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧ ♠✉❧t✐✈❛r✐❛❜❧❡ ❡♥ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s✳

❉❛❞♦ ❛ q✉❡ s❡ ❛♣❧✐❝❛r♦♥ tr❡s té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧✱ s❡ ♣✉❞♦ ❧❧❡❣❛r ❛ ❧❛ ❝♦♥❝❧✉s✐ó♥ q✉❡
❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧ ❝♦♥ ♦❜s❡r✈❛❞♦r ❞❡ ❡st❛❞♦ ❡s r♦❜✉st♦ ♣♦r s❡r ✉♥ ❝♦♥tr♦❧ q✉❡
♥♦ ♣❡r♠✐t❡ q✉❡ ❡❧ s✐st❡♠❛ ♥♦ s❡ ❞❡s❡st❛❜✐❧✐❝❡ ❢á❝✐❧♠❡♥t❡ ② ❡❧ ❝✉❛❧ ♥♦ ♣❡r♠✐t❡ ✉♥❛ ❢á❝✐❧
s❛t✉r❛❝✐ó♥ ❞❡ ❧❛ s❡ñ❛❧ ❞❡ ❝♦♥tr♦❧✱ ❞❛♥❞♦ ✈❡♥t❛❥❛s ❡♥ ❧♦s r❡s✉❧t❛❞♦s✱ ❝♦♠♣❛r❛♥❞♦ ❧❛s
♦tr❛s ❞♦s té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧ ✭❙■❙❖ ❨ ▼■▼❖✮✳ ❊st♦ ♣❡r♠✐t❡ ❧❧❡❣❛r ❛ ❧❛ ❝♦♥❝❧✉s✐ó♥ q✉❡
❞✐❝❤♦ ❝♦♥tr♦❧❛❞♦r ❢✉❡ ❡❧ ♠❡❥♦r ❡♥ ❡st❡ ❝❛s♦ ♣❛r❛ s✐st❡♠❛s ❞❡ ♠ú❧t✐♣❧❡s ✈❛r✐❛❜❧❡s ② ❡s
❛♣t♦ ♣❛r❛ ❛♣❧✐❝❛r❧♦s ❡♥ s✐st❡♠❛s ❞❡ ❝✉❛❧q✉✐❡r r❛♠❛ ❞❡ ❧❛ ✐♥❣❡♥✐❡rí❛✳

❊♥ ❝♦♥❝❧✉s✐ó♥✱ s❡ ❝✉♠♣❧✐❡r♦♥ ❝♦♥ t♦❞♦s ❧♦s ♦❜❥❡t✐✈♦s ♣❧❛♥t❡❛❞♦s ❡♥ ❡st❡ tr❛❜❛❥♦ ❞❡
❣r❛❞♦✱ ❞❡♠♦str❛♥❞♦ ❜✉❡♥♦s r❡s✉❧t❛❞♦s ❞❡ ❡❥❡❝✉❝✐ó♥ ❡♥ t♦❞❛s ❧❛s ár❡❛s✿ ♠❡❝á♥✐❝❛✱ ♠♦✲
❞❡❧❛❞♦ ② ❝♦♥tr♦❧✳ ❊st❡ tr❛❜❛❥♦ ❛♣♦rt❛ ❣r❛♥❞❡s r❡s✉❧t❛❞♦s✱ ❧♦s ❝✉❛❧❡s ♣♦❞rá♥ ✉s❛rs❡ ❡♥
❢✉t✉r♦s tr❛❜❛❥♦s ② ❛♣❧✐❝❛❝✐♦♥❡s ✐♥❣❡♥✐❡r✐❧❡s✱ ♥♦ s♦❧♦ ❡♥ ❡❧ ❝❛♠♣♦ ❞❡ ❧❛ ✐♥❣❡♥✐❡rí❛ ♠❡❝❛✲
tró♥✐❝❛ s✐♥♦ t❛♠❜✐é♥ ❡♥ ❧❛ ❛❡r♦♥á✉t✐❝❛✳

P♦r ú❧t✐♠♦ ❡s ♣r❡❝✐s♦ ♠❡♥❝✐♦♥❛r q✉❡ s❡ ❞❡❜❡♥ ❧✐♠✐t❛r ❧♦s r❛♥❣♦s ❞❡ tr❛❜❛❥♦ ❞❡❧ ♠ó✲
❞✉❧♦ ❞❡ ❝♦♥tr♦❧ ❛ ✼✺ ❣r❛❞♦s ♣❛r❛ P✐t❝❤ ② ✶✽✵ ❣r❛❞♦s ♣❛r❛ ❨❛✇✱ ②❛ q✉❡ s✐ ♥♦ ❡s ❛sí✱ s❡
❛t❡♥t❛ ❝♦♥ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡❧ s✐st❡♠❛✱ ❡st❡ ♠ó❞✉❧♦ s❡ ❞✐s❡ñó s✐❣✉✐❡♥❞♦ ❧♦s ♣❛rá♠❡tr♦s ❞❡
✉♥❛ ❤❡❧✐❝ó♣t❡r♦ r❡❛❧✱ ❧♦ q✉❡ ✐♥❞✐❝❛ q✉❡ ♥♦ ❡stá ❞✐s❡ñ❛❞♦ ❛ s❡❣✉✐r r❡❢❡r❡♥❝✐❛s ❡①tr❡♠❛s✳
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❇✐❜❧✐♦❣r❛❢í❛

❬✶❪ ❇▲❆■❘✳ ▲❛❣r❛♥❣❡✬s ❡q✉❛t✐♦♥s✳ ✭✷✵✵✸✮✳

❬✷❪ ❈❆❘❖ ❈❆❙❚■▲▲❖✱ ❆♥❞rés❀ ▲ÓP❊❩ ▲❊❆Ñ❖✱ ❋r❛♥❝✐s❝♦ ② ❖❘❚❮❩ P❯▲■❉❖✱ ❏♦✲
sé✳ ❈♦♥tr♦❧ ♠✉❧t✐✈❛r✐❛❜❧❡ ♣❛r❛ ✉♥ ❤❡❧✐❝ó♣t❡r♦ ❞❡ ❞♦s ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞ ✉t✐❧✐③❛♥❞♦
❛❧❣♦r✐t♠♦s ❣❡♥ét✐❝♦s✳ ❇♦❣♦tá✿ ✷✵✵✺✳

❬✸❪ ❚❡♦rí❛ ❞❡ ♠áq✉✐♥❛s✳ Pr✐♠❡r❛ ❡❞✐❝✐ó♥✳ ❇❛r❝❡❧♦♥❛✱ ❊s♣❛ñ❛✿ ❊❞✐t♦r✐❛❧ ❈P❉❆✱ ✷✵✵✶✳
♣✳ ✸✸ ✲ ✹✵✳

❬✹❪ ▼♦✈✐❧✐❞❛❞ ❞❡ ✉♥❛ ❛❡r♦♥❛✈❡✳ ❬❡♥ ❧í♥❡❛❪✳ ❬❈♦♥s✉❧t❛❞♦ ✷✺ s❡♣✳ ✷✵✶✹❪✳ ❉✐s♣♦♥✐❜❧❡ ❡♥
❁❤tt♣✿✴✴✇✇✇✳♠❛♥✉❛❧✈✉❡❧♦✳❝♦♠✴P❇❱✴P❇❱✶✺✳❤t♠❧❃

❬✺❪ ❆❡r♦❞✐♥❛♠✐❝❛✳ ❬❡♥ ❧í♥❡❛❪✳ ❬❈♦♥s✉❧t❛❞♦ ✷✵ ❛❣♦✳ ✷✵✶✹❪✳ ❉✐s♣♦♥✐❜❧❡
❡♥ ❁❤tt♣✿✴✴❛❡r♦❞✐♥❛♠✐❝❛❢❛❝✐❧✳✇❡❡❜❧②✳❝♦♠✴❛❡r♦❞✐♥❛❛❝✉t❡♠✐❝❛✲❡♥✲❧♦s✲
❤❡❧✐❝♦❛❝✉t❡♣t❡r♦s✳❤t♠❧❃

❬✻❪ ▼❯Ñ❖❙✱ ▼✐❣✉❡❧✳ ❙■❙❚❊▼❆❙ ❋❯◆❈■❖◆❆▲❊❙✳ ❬❡♥ ❧í♥❡❛❪✳ ❬❈♦♥s✉❧t❛❞♦ ✵✶ ❛❣♦✳
✷✵✶✹❪✳ ❉✐s♣♦♥✐❜❧❡ ❡♥ ❁❤tt♣✿✴✴✇✇✇✳♠❛♥✉❛❧✈✉❡❧♦✳❝♦♠✴❙■❋✴❙■❋✸
✷✳❤t♠❧❃ ❧
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✶✵✹



✼✳ ❆◆❊❳❖❙

❊❧ ❝ó❞✐❣♦ q✉❡ s❡ r❡❛❧✐③ó ♣❛r❛ ❡❧ ❝♦♥tr♦❧❛❞♦r P■ ❱❡❝t♦r✐❛❧ s❡ ♠✉❡str❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ♣❛r❛
q✉❡ ♣✉❡❞❛♥ s❡r ❡✈❛❧✉❛❞♦s ② ❡st✉❞✐❛❞♦s ♣♦r ❧♦s ❧❡❝t♦r❡s ❞❡ ❡st❡ tr❛❜❛❥♦✳
m1 = 1.6
m2 = 1.4
d1 = 0.2
d2 = 0.2
b1 = 0.8
b2 = 0.8
X1 = −59
IT = 128.27 ∗ 10−3
❊❝✉❛❝✐♦♥❡s ♦❜t❡♥✐❞❛s ♣♦r ♠❡❞✐♦ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡ ❧❛❣r❛♥❣❡✳

a = (−b1)/(m1 ∗ d2 +m2 ∗ d2 + IT )
b = (d2 ∗m1 ∗ (cosd(X1)2) ∗ sind(X1)− d2 ∗m2 ∗ (cosd(X1)2) ∗ sind(X1))/(m1 ∗ d2 +
m2 ∗ d2 + IT )
c = (−b1)/(d2 ∗m1 ∗ (cosd(X1)2) + d2 ∗m2 ∗ (cosd(X1)2) + IT )

▼❛tr✐❝❡s ✭❆ ❇ ❈ ❉✮ ❧✐♥❡❛❧✐③❛❞❛s

A = [0100; ...0a0b; ...0001; ...000c]
B = [00; 10; 00; 01]
C = [1000; 0010]
D = [00; 00]

sys = ss(A,B,C,D)

[NUM1, DEN1] = ss2tf(A,B,C,D, 1)
[NUM2, DEN2] = ss2tf(A,B,C,D, 2)

❖❜s❡r✈❛❜✐❧✐❞❛❞ ❞❡❧ s✐st❡♠❛

Q = obsv(sys);
unob = length(A)− rank(Q)

❈♦♥tr♦❧❛❜✐❧✐❞❛❞ ❞❡❧ s✐st❡♠❛

Co = ctrb(sys);
unco = length(A)− rank(Co)

❈♦♥tr♦❧

✶✵✺



polosPI = 0.0688 ∗ [−27− 26− 25− 23− 24− 27]
AA = [A[00; 00; 00; 00];−Czeros(2)]
BB = [B; zeros(2)]
KPI = place(AA,−BB, polosPI)
K1 = KPI(:, 1 : 4)
K2 = KPI(:, 5 : 6)

❊st✐♠❛❞♦r

polosL = 0.283 ∗ [−55− 57− 54− 56]
L = place(A′, C ′, polosL)′

❈♦♥tr♦❧ ❖❜s❡r✈❛❞♦r

Ac = [A+B ∗K1− L ∗ C,B ∗K2; [0000; 0000], [00; 00]]
Bc = [L, [00; 00; 00; 00];−eye(2), eye(2)]
Cc = KPI
Dc = [0000; 0000]
sysc = ss(Ac,Bc, Cc,Dc)

✶✵✻
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N.º DE 
ELEMENTO N.º DE PIEZA MATERIAL CANTIDAD

1 Cubo inferior Polipropileno PP 1
2 Rodamiento 30mm SKF 6006ZC3 Varios 2
3 Columna principal Polipropileno PP 1
4 Potencíometro lineal Varios 2
5 Cubo Superior Polipropileno PP 1

6 Viga unión T Polipropileno PP 1

7 Viga principal Polipropileno PP 1

8 Topes Acero AISI 1020 5
9 Motor - Helice Varios 2

10 Tornillo M3x65 Acero al carbono 8
11 Protector Grande Acero al carbono 2
12 Protector Pequeño Acero al carbono 2
13 Tornillo M3x5 Acero al carbono 8

14 Tuerca Hexagonal nut ISO 4032 
(DIN 934) - M3 Acero al carbono 24

15 Caja C90 Acero al carbono 1

Rebarbar y romper
 aristas vivas

Cantidad: 1

Si no se avisa lo contrario:
Las cotas se indican en mm 

A3

Material: Varios

28/10/2014

Edgar Andrés Duarte A
Juan Andrés Gutiérrez S

Plano: 1 de 7ESCALA1:5

Helicóptero de dos grados
de libertad.

UNIVERSIDAD DE SAN BUENAVENTURA

Explosionado

Elaboró
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SECCIÓN A-A

Rebarbar y romper
 aristas vivas

Cantidad: 1

Si no se avisa lo contrario:
Las cotas se indican en mm 

A3

Material: Polipropileno PP

28/10/2014

Edgar Andrés Duarte A
Juan Andrés Gutiérrez S

Plano 2 de 7ESCALA:1:1

Helicóptero de dos grados
de libertad.

UNIVERSIDAD DE SAN BUENAVENTURA

Cubo inferior

Elaboró
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SECCIÓN F-F 

M6

Elaboró

Columna 
        principal

UNIVERSIDAD DE SAN BUENAVENTURA

Helicóptero de dos grados
de libertad.

ESCALA1: 2 Plano 3 de 7

Edgar Andrés Duarte A
Juan Andrés Gutiérrez S

28/10/2014

Material: Polipropileno PP

A3

Si no se avisa lo contrario:
Las cotas se indican en mm 

Cantidad: 1

Rebarbar y romper
 aristas vivas
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SECCIÓN B-B
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VISTA G

Elaboró

Cubo Superior

UNIVERSIDAD DE SAN BUENAVENTURA

Helicóptero de dos grados
de libertad.

ESCALA:1:1 Plano 4 de 7

Edgar Andrés Duarte A
Juan Andrés Gutiérrez S

28/10/2014

Material: Polipropileno PP

A3

Si no se indica lo contrario:
Las cotas se indican en mm 

Cantidad: 1

Rebarbar y romper
 aristas vivas
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Viga unión T

UNIVERSIDAD DE SAN BUENAVENTURA

Helicóptero de dos grados
de libertad.

ESCALA 2:1 Plano 5 de 7

Edgar Andrés Duarte A
Juan Andrés Gutiérrez S

28/10/2014

Material: Polipropileno PP

A3

Si no se avisa lo contrario:
Las cotas se indican en mm 

Cantidad: 1

Rebarbar y romper
 aristas vivas
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DETALLE D

Elaboró

Viga Principal

UNIVERSIDAD DE SAN BUENAVENTURA

Helicóptero de dos grados
de libertad.

ESCALA1: 2 Plano 6 de 7
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28/10/2014

Material: Polipropileno PP

A3

Si no se avisa lo contrario:
Las cotas se indican en mm 

Cantidad: 1

Rebarbar y romper
 aristas vivas
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Elaboró

Topes

UNIVERSIDAD DE SAN BUENAVENTURA

Helicóptero de dos grados
de libertad.

ESCALA10 : 1 Plano 7 de 7

Edgar Andrés Duarte A
Juan Andrés Gutiérrez S

28/10/2014

Material: Acero AISI 1020

A3

Si no se avisa lo contrario:
Las cotas se indican en mm 

Cantidad: 5

Rebarbar y romper
 aristas vivas
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